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GEXERKG SOLUTION O F  THE LAMINAR COMPRESSIBLE BOUNDARY LAYER 
I N  THE STAGNATION REGION OF BLUNT BODIES 
I N  AXISYMMETRIC F L O P  
By Fred W .  Matting 
Ames Research Center 
Moffett Field,  C a l i f .  
SUMMARY 
A modified Howarth-Dorodnitsyn transformation has been used t o  
write the  laminar boundary-layer equations f o r  axisymmetric flow in  
terms of transformed variables,  and the equations have been specialized 
f o r  t he  v i c in i ty  of t he  stagnation point .  Solutions t o  the equations 
depend on the wall enthalpy and on the  var ia t ion of several  of the gas 
propert ies  through the  boundary layer .  The gas-property relat ionships  
a re  represented i n  the f o r m  of polynomials i n  powers of the  deviation of 
the  dimensionless enthalpy from a reference value, and the  coef f ic ien ts  
of these polynomials become parameters of the  problem. 
The solution of t he  stagnation-point equations i s  obtained by 
expanding the  dimensionless enthalpy and stream function in to  t w o  s e r i e s  
i n  powers of the  deviation of the  dimensionless w a l l  enthalpy from a 
reference value. With t h i s  formulation the  e f f ec t s  of a l l  the  param- 
e t e r s  appear exp l i c i t l y .  The equations obtained by t h i s  procedure deter-  
mine the universal  functions of the  problem. 
Values of the universal  functions are  tabulated and working formulas 
are  compiled including inverse transformations back t o  f i e l d  var iables .  
Examples are  given t o  demonstrate the  use of the  universal  functions.  
Comparisons a re  made w i t h  exact solutions f o r  veloci ty  and enthalpy pro- 
f i l e s ,  f o r  wal l - f r ic t ion  coeff ic ients ,  and f o r  heat t r ans fe r  a t  t he  w a l l .  
The solutions obtained are  applicable t o  any gas. They are  bes t  
sui ted f o r  free-stream Mach numbers, up t o  about 5, where chemical reac- 
t ions  a re  not especial ly  important. A t  t he  higher Mach numbers with 
chemical reactions,  t he  calculat ions a re  f o r  equilibrium-gas boundary 
layers .  
*This report  w a s  submitted t o  Stanford University i n  p a r t i a l  f u l -  
f i l lment  of the requirements f o r  the degree of  Doctor of Philosophy i n  
Engineering Mechanics, June 1964. 
CHAPTER 1 
INTROTXTCTION 
The boundary-layer equations proposed by Prandt l  i n  1904 and 
extended t o  c o q r e s s i b l e  flow by the  inclusion of an energy eqGation 
( r e f .  1) are  generally used for solving compressible laminar-boundary- 
layer  problems although they represent only a f i r s t  approximation of 
t he  Navier-Stokes equations. I n  Prandt l ' s  treatment t he  flow f i e l d  has 
been separated in to  two pa r t s ,  an external  inviscid-f low and a boundary 
layer .  The usual procedure i s  t o  solve the external  flow problem f i rs t ,  
applying a tangency flow boundary condition a t  t h e  ac tua l  body shape. 
This neglects t h e  displacement e f f ec t  on t h e  ex terna l  flow due t o  the  
boundary layer  on the  body. 
I n  the  solut ion of t he  external  flow problem, v o r t i c i t y  i n  the  
external  flow i s  of ten  neglected. Considering v o r t i c i t y  i n  the  external  
flow changes (and complicates) the  outer  boundary condition f o r  t he  
boundary-layer equations. Around bodies whose longi tudinal  curvature i s  
not large,  t he  cent r i fuga l  force term i n  the boundary-layer momentum 
equations i s  generally neglected, allowing t h e  momentum eqvation normal 
t o  the  body surface t o  be discarded. 
It i s  seen that i f  one considers the displacement of the  external  
flow by the  boundary layer  and considers a lso the external  vo r t i c i ty ,  
there  i s  a complicated in te rac t ion  between the  boundary layer  and the  
external  flow. One approach t o  t h i s  in te rac t ion  problem i s  t o  numeri- 
c a l l y  solve the  boundary-layer equations over t he  flow f i e l d .  Fliigge- 
Lotz and coworkers have obtained a number of solut ions w i t h  in te rac t ion  
e f f ec t s  by numerical methods. I n  reference 2, f o r  example, t he  d i s -  
placement-thickness in te rac t ion  has been treated using an impl ic i t  
f ini te-difference scheme, and i n  reference 3, a l l  in te rac t ions  have been 
considered using f in i te -d i f fe rence  solutions t o  equations developed from 
inner and outer. expansions by Van Dyke (refs. 4 and 5 ) .  
The consideration of interact ions i n  the boundary-layer problem i s  
outside the  scope of t he  present work. The cent r i fuga l  force term w i l l  
be neglected by the  assumption that  the  curvature around a blunt  body 
i s  not large.  For the  inner boundary condition, a no-slip,  
no-temperature jump, and no-injection condition w i l l  be assumed. 
2 
Solutions w i l l  be considered i n  the  nature of a f i r s t - o r d e r  approxima- 
t i o n  t o  the  ac tua l  flow as described by the f u l l  Navier-Stokes and 
energy equations. 
The compressible laminar boundary-layer problem, even without 
interact ions,  i s  complicated because the  d i f f e r e n t i a l  equations a re  
coupled and nonlinear, and, i n  general, do not have closed-form solu- 
t ions .  
methods, and, generally, one must obtain a new solut ion f o r  each "case." 
The blunt  -body problem can be generalized somewhat i f  the boundary- 
layer  equations are expanded in to  powers of the  longi tudinal  var iable .  
Then, analogously t o  the  Blasius ser ies  f o r  incompressible f l o w  ( r e f . l ) ,  
t he  problem i s  reduced t o  t h e  solut ion of a number of ordinary d i f -  
f e r e n t i a l  equations, the zero-order equations being nonlinear, the 
higher-order equations l i nea r ,  but  a l l  equations e s sen t i a l ly  coupled. 
The solutions f o r  these ordinary d i f f e r e n t i a l  equations a re  not univer- 
s a l  f o r  compressible flow, because they depend on the  w a l l  temperature 
( o r  enthalpy) and on the  var ia t ion of the  thermodynamic and t ransport  
propert ies  of t he  gas. 
The problem can be solved by numerical ( f i n i t e  difference)  
I n  the  present work we w i l l  s e t  up the  boundary-layer equations i n  
transformed var iables  (ch. 2 ) ,  using a modified form of the  Howarth- 
Dorodnitsyn transformation (ref.  6 ) .  W e  w i l l  special ize  the transformed 
equations f o r  the v i c i n i t y  of  the stagnation point of axisymmetric blunt 
bodies i n  axisymmetric flow (ch. 3 ) .  
p a i r  of coupled nonlinear ordinary d i f f e r e n t i a l  equations. These w i l l  
be the  zero-order equations i n  the  expansion of t he  transformed p a r t i a l  
d i f f e ren t i a l  equations i n  powers of the  transf omed longi tudinal  va r i  - 
able. 
indicated i n  appendix A.)  
The resu l t ing  equations w i l l  be a 
(The forms of the higher-order equations i n  this  expansion are  
We w i l l  seek a general f o r m  of solutions t o  the  stagnation-point 
equations. These solutions w i l l  be made up of sums of t he  products of 
universal  functions and the  parameters of the  problem, and they w i l l  
depend on the  w a l l  enthalpy and on the  var ia t ion of several  of the  gas 
propert ies  through the  boundary layer .  The gas propert ies  can be 
r e l a t ed  t o  the  enthalpy of t he  gas, e i the r  ana ly t ica l ly  or numerically. 
We w i l l  represent t he  funct ional  re la t ionship  between the  several  gas 
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propert ies  and the enthalpy i n  the  form of polynomials i n  powers of t he  
deviation of the  dimensionless enthalpy from a reference value. The 
coef f ic ien ts  of the  polynomials become parameters of  t he  problem; the 
universal  functions a re  independent of the pa r t i cu la r  values t h a t  the  
parameters may take.  
Our method of solving the  stagnation-point equations i s  t o  form 
the  solution as a series i n  powers of the deviation of the dimension- 
less w a l l  enthalpy from a reference value. 
e f f ec t s  of a l l  t he  other parameters appear exp l i c i t l y .  The equations 
are s e t  up i n  the  form t o  be solved i n  chapter 4. 
solutions f o r  the  universal  functions i s  explained i n  chapter 5; these 
solutions were a l l  obtained numerically by machine computation. Tabu- 
l a t ions  of these i’unctions are given ( t a b l e  I); they are alsb s tored on 
a permanent binary tape f o r  convenient use i n  machine computation* 
although an automatic computing machine i s  not needed f o r  the  use of 
the functions. Inverse transformations back t o  f i e l d  variables,  and 
the determination of a number of coef f ic ien ts  of i n t e r e s t  a re  given i n  
chapter 6. 
given i n  chapter 7. 
With t h i s  formulation, the  
The obtaining of the  
Examples explaining the  use of t he  method of solut ion are 
The range of va l id i ty  of t he  calculat ions i s  discussed i n  chap- 
t e r  8. In  general, the  procedure, as s e t  up, i s  bes t  sui ted t o  moder- 
a t e  free-stream Mach numbers, say up t o  about 5,  where chemical e f f ec t s  
a re  not especial ly  important. 
c a l  reactions occurring i n  the  boundary layer ,  the  procedure w i l l  
del iver  a reasonable approximation t o  ac tua l  flows. 
i s  f o r  an equilibriumboundary layer  and does not consider f i n i t e  
chemical react ion r a t e s .  This i s  not inherent i n  t h e  method of solu- 
t i on ,  but  t he  o r ig ina l  boundary-layer equations from which the  solut ion 
i s  developed have been wri t ten i n  a simplified form t h a t  does not con- 
s ider  f i n i t e  chemical reaction r a t e s .  
A t  t he  higher Mach numbers, with chemi- 
The calculat ion 
A synopsis of  the  method of using the  universal  functions i s  given 
i n  a summary of working formulas i n  t ab le  E-1.  
*Available w i t h  computing program from Ames Research Center, 
NASA, Moffett Field,  C a l i f .  
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CHAPTER 2 
PARTIAL DIFFERENTIAL EQUATIONS FOR THE COMPRESSIBLE 
LAMINAR BOUNDARY LAYER 
A. A SYSTEM OF NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS 
The Navier-Stokes equations as simplified by P r m d t l ' s  order of 
magnitude analysis may be put i n  the familiar form of the s teady-state  
laminar boundary-layer equations as f o l l o w s .  (The x and y subscripts 
denote p a r t i a l  d i f f e ren t i a t ion  with respect t o  t h a t  var iable . )  
Continuity equation: 
(Purc)x + ( P v r " ) y  = 0 
PUUX + PWy = -Px + (Iluy)y 
x momentum equation : 
y momentum equation: 
Py = 0 
Energy equation: c puHX + pvHY = UPX + p ( ~ ~ ) ~  + 
where 
E = 0 for two-dimensional flow 
E = 1 for ax ia l ly  symmetric flow 
The momentum equation i n  the  y direct ion,  P = 0, includes the  condi- 
t i o n  that t h e  w a l l  curvature i s  not strong so t h a t  centr i fugal  force  
can be neglected. 
constant across the  boundary layer .  A t  a distance from the  w a l l  a t  
which viscous e f f ec t s  a re  no longer important, t he  longi tudinal  compo- 
nent of velocity,  u, approaches asymptotically the  external  velocity,  
Ue. A t  t h i s  distance, t he  longitudinal momentum equation reduces to :  
Y 
The equation states t h a t  the  pressure can be assumed 
Px = -PeUeuex (2.5) 
which i s  the  Euler momentum equation f o r  inviscid f l o w .  This equation 
neglects t he  contribution t o  t he  external  pressure due t o  the  transverse 
veloci ty  component, Ve. 
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Equations (2.1) t o  (2.4) are continuum equations and do not con- 
s ide r  nonequilibrium chemical e f f ec t s .  The equations can be considered 
t o  include diffusion f o r  t he  equilibrium case (equilibrium gas proper- 
t i e s )  when 0 i s  an "effective" Prandtl  number. (This i s  explained i n  
ch. 7 . )  
a l so  give w a l l  values t h a t  reasonably approximate "frozen flow" with a 
ca t a ly t i c  w a l l  (ch. 7 ) .  
t ions  (2.1) t o  (2.4),  we w i l l  not consider t he  in te rac t ion  e f f ec t s  due 
t o  external  v o r t i c i t y  and displacement thickness.  With a tangency flow 
condition applied on the  body surface, the  external  flow i s  assumed t o  
be  known and t he  pressure, P(x),  throughout t he  boundary layer  i s  known. 
When equilibrium gas propert ies  are used the  equations w i l l  
I n  s e t t i n g  up the  boundary conditions f o r  equa- 
The x coordinate i s  measured along the  body (a  meridian i n  the  
axisymmetric case),  while the  y coordinate i s  measured along an out- 
ward normal from the  body. Again it i s  noted t h a t  t he  body curvature 
should not be strong t o  permit t he  use of equations (2.1) t o  (2.4) with 
a "bent" coordinate system. The body radius,  r, i s  as shown i n  the  
sketch. 
Y Equations (2.1), (2.2),  
and (2.4) contain s i x  unknowns: 
u, v, H, p, p, 6. For a given 
gas, an equation of s t a t e ,  
p = p(H,P) ,  w i l l  be known and 
the  gas properties,  p = p(H,P) 
and CI = a(H,P), w i l l  be known 
( r e f .  10). The unknowns i n  the  
three d i f f e r e n t i a l  equations are 
then reduced t o  three, u, v, H. 
The w a l l  boundary conditions with no s l i p ,  no in jec t ion  or suction, 
and no temperature jump are:  
u(x ,O)  = 0 v(x ,O)  = 0 H ( x , O )  = H,(X) 
where Hw(x) i s  prescribed, or: 
a H  - (x,O) = a prescribed function of x 
a Y  
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. . . . . . . . .  . .  , . I ,  
The external  boundary conditions are: 
U(X,OO) = U e ( X )  H(x,w) = H e ( X )  
For t he  enthalpy boundary condition, He(x) i s  determined from the  
adiabatic re la t ionship : 
which neglects the contribution of the  transverse veloci ty  component, 
ve. For the  general problem a s t a r t i n g  p ro f i l e  at  a given x value 
should be known t o  begin the solution. I n  t h e  case of t he  symmetrical 
stagnation-point problem, the  p a r t i a l  d i f f e r e n t i a l  equations can be 
reduced t o  ordinary d i f f e r e n t i a l  equations and the stagnation p ro f i l e  
determined. (This w i l l  be taken up subsequently.) 
Equations (2.1), (2.2), and (2.4) w i l l  be transformed by m e a n s  of 
the  Howarth-Dorodnitsyn transformation ( r e f .  6, p .  290 of r e f .  7),  and 
a stream function w i l l  be introduced t h a t  s a t i s f i e s  t he  continuity 
equation and eliminates u and v. The transformed equations i n  f i n a l  
form w i l l  be of t h i r d  order i n  the  transformed y coordinate but  the  
enthalpy term w i l l  remain of second order i n  the  transformed y. 
B. HOWARTH-DORODNITSYN TRANSFOFDJATION OF THE PARTIAL 
DIFFEEENTIAL EQUATIONS 
The following transformation of the  coordinates w i l l  be used t o  
transform equations (2.1), (2.2), and (2 .4) :  
Then : 
a a a a a 
ax and - -  ay - vy - = Tx + vx &- 
because 7 = ~ ( x ) ,  while 7 = q(x,y).  
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1. Continuity Relationships 
The continuity equation (2.1) i s  transformed to :  
(PUTE)?TX + (pur')$lx + r%v)$Iy = 0 (2.9) 
The o r ig ina l  equation, (2.1), can be iden t i ca l ly  s a t i s f i e d  by a 
stream function $(x,y) such that 
Then, by means of t he  coordinate transformation, we obtain 
1 a~(T,rl)?ly 
all PU = yE 






The quantity, f ,  i s  a kind of dimensionless stream function; it w i l l  be 
a dependent var iable  i n  the subsequent equations. 
nents are then given by 
The ve loc i ty  compo- 
(2.16) 
o r  
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Equation (2.18) can a l so  be obtained when (2.16) i s  subst i tuted i n  
(2.9) and formally integrated after some manipulation. With u and v 
taken as zero a t  the  w a l l  and u = ue far  away from the  w a l l ,  equa- 
t ions  (2.17) and (2.18) provide the  boundary condjtions on f .  
f ( T , O j  = o 
f q ( T , O )  = 0 
fq(T,co)  = 1 
The re la t ionship  i n  equation (2.18) w i l l  be used t o  eliminate 
the momentum and energy equations. 
v from 
2. Transformation of the  Momentum Equation 
We write t h e  momentum equation i n  the  new coordinate system. 
Subst i tut ing 
obtain 
qx, and qy from (2.7) and (2.8) and modifying, we 
W e  can s e t  
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where ( p ~ ) ~  i s  the  product pv evaluated at  the  stagnation enthalpy, 
H s t ,  and a t  the  pressure a t  the  pa r t i cu la r  
boundary layer .  I n  addition we introduce the  notation 
T (or  x)  s t a t i o n  of t he  
(2.21b) 
The type of normalization used f o r  pp i s  convenient because, even f o r  
r e a l  gases, g 
and f o r  per fec t  gases it w i l l  not depend on 
sec t .  C )  . If we normalize the enthalpy by 
w i l l  be a slowly changing function of the  pressure P, 
P a t  a l l  (see appendix A, 
(2.22) 
H h = -  
H s  t 
we can wr i te  
where hw i s  the  dimensionless w a l l  enthalpy at  the  7 (or  x) s t a t ion  
considered. 
t he  adiabatic external  flow. 
For a given flow, H s t  w i l l  be a constant determined by 
After introduction of g the  f i rs t  term of equation (2.20) becomes 
with 
but  
So we have 
Pv = 0 
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The r a t i o  pe/p w i l l  be t r ea t ed  i n  a similar way; we s e t  
P e  P s P e  P ~ / P  
P PSP Ps/P, 
- -  _ -  
where ps i s  the  density a t  the  stagnation enthalpy, Hs t ,  and a t  the  
pressure a t  the  pa r t i cu la r  7 (or x)  s ta t ion .  W e  s e t  
(2.24a) 
For perfec t  gases, 6 does not depend on P, and f o r  r e a l  gases it 
varies  only slowly with P (see appendix A, sec t .  C )  . With 
where 
we obtain 
( 2.2 4b ) 
Then we can wri te  t he  momentum equation i n  the  following form: 
3. Transformation of t he  Energy Equation 
In  transforming the  energy equation (2.4) ,  we f i rs t  write it i n  
terms of h. 
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Then we introduce the dimensionless stream function, f .  
We now transform t o  the  variables,  T, q,  and subs t i t u t e  pv f r o m  
equation (2.18) .  
We subs t i tu te  t he  value of 
rearrange 
-rX (eq. (2 .7) )  and qy (eq. ( 2 . 8 ) )  and 
The las t  term contains owpp/upWb which can be t r ea t ed  l i k e  pp by 
se t t i ng  
e 
where (py/o), = pp/a 
at  the  pa r t i cu la r  x s t a t ion  of the  boundary layer .  We introduce 
a t  the  stagnation enthalpy and a t  the  pressure 
(2.28) 
A s  i n  the  case with g 
m = m(h; Hst,F) (2.29a) 
( 2.2973 1 mw = m(hw; Hst,P) 
12 
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The quantity, m, i s  normalized i n  the same way as g.  For perfect  
gases we can say t h a t  m does not depend on the  pressure, and f o r  r e a l  
gases it varies  only slowly w i t h  pressure (see appendix A, s ec t .  C )  . 
W e  can now write the  energy equation as 
W e  evaluate am/aq  as we t r ea t ed  ag/aq, using the  r e l a t ion  Pq = 0, 
and we get 
Then we have 
-27oWmwg, [fqhT - $fT + (e) (U-> fq]  = 0 (2.30) dT 2Hst 
The energy equation can be used i n  the  form (eq. (2.30)) above. 
However, t he  term 6/6, 
removed i f  we solve the  momentum equation (2.26) f o r  t h i s  term and 
subs t i tu te  back i n  the  energy equation. This i s  done a t  the  cost  of 
making the  energy equation somewhat longer than i n  the  form above 
(eq. (2 .30) ) .  With t h i s  subs t i tu t ion  we obtain 
i s  somewhat inconvenient but it can be 
(2.31) 
We w i l l  use the  energy equation i n  the  form (2.31). 
I IIIII IIIIIIIII IIIIIIIIIII I I 
4. Boundary Conditions 
Equations (2.26) and (2.31) are a p a i r  of coupled nonlinear 
p a r t i a l  d i f f e r e n t i a l  equations i n  the  dependent variables,  f and h.  
The boundary conditions a t  the  w a l l  a r e  
f ( T , O )  = f v ( T , O )  = 0 ( 2 . 3 2 4  
and f o r  the  t r ans i t i on  in to  the  ex ter ior  flow 
f n ( T , m )  = 1 
C. FURTHER TMSFORMATION OF THE PARTIAL DIFFERENTIAL EQUATIONS 
The momentum equation (2.26) and the energy equation (2.31) as 
given abov? a re  va l id  f o r  both two-dimensional and axisymmetric f l o w s .  
In  order t o  solve equations (2.26) and (2.31), the  body shape and the  
external  f l o w  y s t  be known (can be numerical): 
ue = ue(x) .  The transformation from x t o  T gives: Ue = u,(r)  (can 
be numerical). 
s e r i e s  i n  powers of  the  longitudinal var iable .  This s e r i e s  represent- 
ing the  f l o w  f r o m  the  stagnation point w i l l  involve f r ac t iona l  powers 
of the variable T ( r e f .  7, p. 322). To avoid f r ac t iona l  powers we can 
make a second transformation t o  a new longi tudinal  variable,  k .  The 
second transformation w i l l  r e s u l t  i n  a separation of the  two-dimensional 
and the  axisymmetric cases. 
r = r (x )  and 
W e  can expand the  momentum and energy equations i n  
Near the  stagnation point of a blunt  body, the  f i r s t  term i n  the  
expansion of t h e  external  veloci ty  i s  
transformation equation (2.7) we see t h a t  near the  stagnation point f o r  
two-dimensional f l o w s  
T a x4 and Ue a T 1'4. 
f 0 l l o w s  . 
ue = (due/dx),=,x. From the  
T a x2 and ue a r1I2. 
We than make the  second transformation as 
For axisymmetric flows, 
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1. Two -Dimensional Flows 
For two-dimensional flows the transformation i s  T = E;2 and 
Then the  momentum (2.26) and energy (2.31) equations assume the  
following f oms : 




The transformation from the  o r ig ina l  equations, (2 .1)  t o  (2.4), t o  
(2.33) and (2.34) could have been made i n  one s t ep  by taking: 
2. Axisymnetric Flows 
For ax ia l ly  symmetric flows the  transformation used i n  equa- 
t ions  (2.26) and (2.31) i s  T = k 4  and 




Again, the transformation from the o r ig ina l  equations t o  (2.37) and 
(2.38) could have been made i n  one s t ep  by taking: 
/ nx \ 1/4 
(2.39) 
(2.40) 
3. Boundary Conditions 
The boundary conditions f o r  the  pa i r s  of equations (2.33), (2.34) 
and (2.37), (2.38) at  the  wall are  
(2.4~) 
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4. Form of Equations 
W e  see t h a t  i n  the  variables 5 ,  7 ,  t he  two-dimensional and the 
axisymmetric equations are s l igh t ly  d i f fe ren t  and w i l l  have d i f fe ren t  
solutions.  
case w i l l  be considered. 
I n  the  remainder of t h i s  work only the  ax ia l ly  symmetric 
D.  REMARK ON THE W G L E 8  TRANSFOFMATION 
W e  have shown that the  equations f o r  two-dimensional and axisym- 
metric flows are iden t i ca l  i n  the  independent variables 
Following the  idea of Mangler ( r e f .  1, p. 1-90), we  can compare body 
shapes f o r  i den t i ca l  flows ( i n  
cal ly ,  we w i l l  check the  two-dimensional shape that  w i l l  correspond t o  
an axisyrmnetric blunt body. To do t h i s  we s e t  up t w o  hypothetical  
f l o w s  with the  same ue(-r) , p W ( r ) ,  and b( T) . 
We l e t :  
x = longitudinal coordinate w i t h  axisymmetry 
5? = longitudinal coordinate with two-dimensional flow 
Then 
T and 7 .  
T and 7 )  f o r  the t w o  cases. Spegif i -  
r = Pwbue fii 
So 
(same T values).  
x and x have a one-to-one correspondence a t  corresponding points 
For f l o w  around an axisyrmnetric blunt  body we have the external 
veloci ty  d is t r ibu t ion:  
ue = a l x  + a3x3 + a5x5 + . . . 
o r  
Ue = p i 7  + p 3 T  3/4 + p5T5j4  + . . . 




- x u C,T3/4 + . . , 
and 
ue k l ~ 1 ' 3  + . 
This ue 
not a blunt body. 
found numerically and it would be tedious. For correspondence in 
supersonic flows the shock wave should be detached from the wedge. 
(This will generally be the case; for a 90' wedge the shock wave will 
be detached for all but the highest free-stream Mach number flows). 
distribution corresponds to a body with a wedge-shaped vertex, 
In most cases this wedge shape would have to be 
Except in the immediate vicinity of the stagnation point', It seems 
that the Mangler transformtion is not of great practical use in making 
a two-dimensional comparison with an axisymmetric blunt body. In any 
case, the Mangler transformation does not give a correspondence between 
a blunt axisymmetric body and a blunt two-dimensional body. This 
result is similar to that found in incompressible flow, where, for 
example, the Homann stagnation-point problem corresponds in two dimen- 
sions to the 90' wedge (ref. 1, p. 190). 
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CHAPTER 3 
DETERMINATION OF THE STAGNATION-POINT EQUATIONS 
The momentum and energy equations (2.37) and (2.38) can be 
expanded i n  powers of t he  transformed longitudinal variable,  6 ,  as 
i l l u s t r a t e d  i n  appendix A. I n  t h i s  chapter we will obtain the  
stagnation-point equations which a re  of zero order i n  powers of 5 .  
A. REPRESENTATION OF THE GAS PROPERTIES 
I n  equations (2.21), (2.24), and (2.28) w e r e  introduced dimension- 
l e s s  representations of t he  gas properties,  g, 6, m. The funct ional  
forms of t he  gas propert ies  w i l l  af fect  t he  solutions of the  boundary- 
layer  equations. 
i n  powers of (h  - 1). 
parameters to which we can assign values. 
The gas propert ies  w i l l  be represented as polynomials 
The coeff ic ients  i n  the  polynomials w i l l  become 
Ng 
(3 .14  d h ;  Hst,P) = 1 + 1 3 (h - 1) j 
j= i  
Nm 
m(h; Hst,P) = 1 + j 
j = i  
j=i 
The quant i t ies  Ng, Nm, NE denote the  highest  powers re ta ined i n  the  
polynomial expressions. For r e a l  gases, t he  coef f ic ien ts  gj, mj, 63 
will depend on the  value of 
pressure, P. For per fec t  gases, there  i s  no dependence on P, and 6 
does not depend on 
H s t  and they w i l l  vary s l i g h t l y  with t h e  
H s t  (see appendix A, sect .  C )  . 
B. EXPANSION OF THE QUANTITIES I N  THE MOMENTUM AND ENERGY 
EQUATIONS I N  POWERS OF THE LONGITUDINAL VARIABLE 
To begin, we expand the functions f(6,q) and h ( 6 , q )  as follows: 
CO 
(3.2) 
f i ( 7 )  
f ( 6 , d  = c i! 
i=0,2,4,  ... 
CO 
i=0,2,4, .  . . 
These expansions a re  even i n  powers of E because of the  symmetry of 
the  f l o w .  This i s  obvious i n  the  case of h. With f we r e c a l l  t h a t  
fq = U/Ue. The veloci ty ,  U, must be odd or even according as Ue i s  
odd o r  even, so  t h e i r  quotient i s  even. must be even 
i n  6 .  (It w i l l  be seen below t h a t  Ue i s  odd i n  E . )  Using the  
notation f i  (k) = [dki’i(q)]/dqk, we have 
Thus, fq  and f 
with corresponding expressions f o r  h.  
It i s  a l so  necessary t o  expand the  external  veloci ty  ue(E) i n  
powers of 5 .  
CO 
(3 .4)  
The 
external  veloci ty  f r o m  the  stagnation point of a blunt body. From con- 
s iderat ions of symmetry of the  flow and knowing t h a t  Ue i s  zero a t  
the  stagnation point we see t h a t  the  expansion for Ue must be odd 
i n  5 .  
a i  w i l l  be the  parameters t h a t  describe the  d is t r ibu t ion  of  the  
d 2n ue 
In  the momentum equation (2.37), t h e  term ’ occurs; 
d In  E 
it i s  expanded t o  
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. ,  I . - . . ... . , , 
i=i ,3,5 ,... 
(3 .5)  
I n  the  energy equation (2.38), the  term U e 2 / 2 H s t  can be expanded 
as follows 
where (see eq. (3 .4 ) )  
r=i,3,5,. . . 
The w a l l  Prandtl  number, a,, can be expanded i n  powers of 5 as: 
i=0 ,2 ,4  ,... 
Now a l l  the terms needed t o  expand (2.37) and (2.38) a re  avai lable .  
We next examine the  boundary conditions (2.41) i n  view of t he  
expansions assumed ( (3 .2)  and (3 .3 ) ) .  For t he  wall-enthalpy boundary 
condition the  expansion i s  
(3.9) 
i=0,2,4, .  . . 
where the  h w i  a r e  constant parameters. For t h e  free-stream enthalpy 
boundary condition we have the  expansion 
w 
_ _  
n=2,4,6,. . . 
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Referring t o  equations (2.41) and using (3.9), (3.10) , t he  boundary 
conditions f o r  t he  
A t  the  w a l l ,  
f and h expansions can be s t a t ed  as follows: 
f i ( O )  = f i ' ( O )  = o i: 0, 2, 4, . . . ( 3 J W  
h i ( 0 )  = hwi i: 0, 2, 4, . . . (3.11b) 
and a t  t h e  t r ans i t i on  t o  the  ex ter ior  flow, 
f o ' ( w )  = 1 and f i ' ( w )  = 0 i: 2, 4, 6, . . . ( 3 . 1 ~ 2 )  
ho(w) = 1 and hi(w) = -bi  i: 2, 4, 6, . . . ( 3 . l l d )  
In  the  case of a prescribed heat flux, the  boundary condition 
w i l l  be given instead of ( 3 . l l b )  
h i ' ( 0 )  
C . THE STAGNATION-POIT\7T EQUATIONS 
These equations a re  obtained by considering terms of zero order, 
Eo. To wri te  these equations we s e t  5 = 0 i n  (2.37) and (2.38). We 
w i l l  use the  notation, gwo = g(hwo) and mwo = m(hwo) . From (3.5) 
From equations (2.24b), ( 3 . l c ) ,  and (3.10) we have: 
Then the  zero -order equations are  : 
Momentum equation : 
Energy equation : 
Equations (3.12) and (3.1-3) a re  a pa i r  of coupled nonlinear ordinary 
d i f f e r e n t i a l  equations i n  f, and &. The boundary conditions a re  
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given by (3.11) for These are the  equations to which we w i l l  
seek general type solut ions.  The solutions for fo and & can be con- 
sidered as va l id  representations of f and h 
stagnation point,  the  f i rs t  neglected terms being of order 
i = 0. 
i n  the  v i c i n i t y  of the  
E2. 
CHAPTER 4 
THE METHOD O F  SOLUTION OF THE STAGNATION-POINT EQUATIONS I N  
TERMS OF THE CONTROLLING PARAMETERS 
I n  t h i s  chapter we w i l l  derive the  method t o  be used i n  obtaining 
universal  type solutions t o  the stagnation-point equations. The 
numerical r e s u l t s  w i l l  be presented i n  chapter 5. 
A. THE STAGNATION-POINT EQUATIONS 
A t  and very near the  stagnation point t he  values of  f and h 
become fo  and ho, respect ively (eqs. (3.2) and (3 .3 ) ) .  These are 
obtained as solutions t o  the  zero-order equations (3.12), (3.13). 
A t  t h i s  point,  i n  order t o  avoid excessive subscripting we w i l l  
make the following change of nomenclature: 
f o  = F 
k , = G  
We w i l l  introduce polynomials (3.1) i n to  (3.12) 
assume one new re la t ion :  
awo = a0 + ol(hwo - 1) 
(3.13) 
( 4 . l a )  
(4 . lb)  
and we w i l l  
(4.2) 
Equation (4.2) i s  an a r t i f i c i a l  re la t ionship  between constants. It 
w i l l  be seen subsequently tha t  the  use of  (4.2) permits the  perturba- 
t i o n  of awo t o  be combined with t h a t  of hwo. The quantity, ao, i s  
the  reference value around which awo i s  perturbed, and it i s  the  
w a l l  Frandt l  number value used i n  obtaining machine solutions f o r  
universal  functions, while 01 i s  defined by equation (4 .2 ) .  It w i l l  
be seen t h a t  we w i l l  always work with the  product 
remains f i n i t e .  
ol(hwo - 1) which 
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We now have f o r  t he  zero-order equations 
Energy equation: 
(hwo - 1)' FG' = 0 (4 .3)  1 + [a0 + al(hwO - l)] j= i  
Momentum equation: 
(4 .4)  
In  the  new notation the boundary conditions (3.11) are as f o l l o w s :  
A t  the  w a l l :  
F (0)  = F'(0) = 0 ( 4 . 5 4  
G ( 0 )  = hwo (4.5b) 
and at the  t r ans i t i on  t o  the  ex ter ior  f l o w :  
F'(w) = G(w)  = 1 ( 4 . 5 4  
B. METHOD OF SOLUTION 
We w i l l  attempt t o  s e t  up universal  type solutions of (4.3) and 
(4 .4)  i n  terms of the  control l ing parameters; i n  pa r t i cu la r  we  w i l l  
expand G and F i n to  Taylor's s e r i e s  i n  terms of (hwo - 1). It w i l l  
be seen below t h a t  t he  e f f ec t s  of a l l  t h e  other pa rme te r s  w i l l  be 
separated out by the  perturbation of t he  one parameter, hwo. 
25 
I 





with a corresponding expression f o r  F i ( q ) .  From equations (4 .5)  we 
can write the  boundary conditions f o r  t he  t e r m s  of (4.6) and (4.7) as 
follows : 
A t  the  w a l l :  
Fi(0) = Fi'(0) = 0 i: 0, 1, 2, 3 ,  . . . (4.8a) 
Go(0) = Gl(0) = 1 (4.8b) 
Gi(0) = 0 i: 2, 3, 4, . . . ( 4 . 8 ~ )  
and a t  the  t r ans i t i on  t o  the  ex ter ior  flow: 
Fo'(a) = 1 Fi'(a) = 0 i: 1, 2, 3, . . . (4.8d) 
Go(a) = 1 G i ( a )  = 0 i: 1, 2, 3 ,  . . . (4.8e) 
The expansion of G and F i n  powers of (hwo - l), around 
hwo = 1, i s  a regular or nonsingular perturbation. It is a perturba- 
t i on  around a given boundary condition. The forms of equations (4.3) 
and (4.4) are  preserved and no boundary conditions are l o s t .  
The range of convergence of expansions (4.6) and (4.7) i s  not 
known - a p r i o r i .  
connection wit'n the  numerical solutions obtained. 
This question w i l l  be discussed i n  chapter 5 i n  
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C . ZERO-ORDER, (hwo - l)', EQUATIONS 
-To obtain these equations, we subs t i tu te  expansions (4.6),  (4.7) 
i n to  equations (4 .3) ,  (4;4) and s e t  hwo = 1. W e  obtain: 
Energy equation: 
1 + (Go - 1) 
j= i  
Momentum equation: 
1)j-l (GO'I2 1 Nm mj (Go - ( j  - I)! j =2 
+ O ~ F O G O '  = 0 (4.9) 
N6 
+ FoFd' - - 1 (Fo')  + - [ 1 + 1 2 (Go - = 0 (4.10) 
2 2 
j= i  
The boundary conditions are given i n  equations (4.8) with i = 0. 
It can be seen by inspection t h a t  the  energy equation (4.9) has 
the solution 
Go 3 1 (4 .11)  
We i n s e r t  (4.11) in to  (4.10) and obtain:  
(4 .12)  1 
2 
F;' + F,F;' + - [i - (F~')~I = o 
Equation (4.12) with boundary conditions given by (4.8a) and 
the  l e f t  s ide of (4.8d) i s  t h e  Homann equation f o r  the axisymmetric 
stagnation-point problem f o r  incompressible flow. The numerical 
solution of the  Homann equation i s  known ( r e f .  1). 
nonlinear equation i n  the system we are developing. 
equations w i l l  be seen t o  be l i nea r .  
This i s  the  only 
A l l  higher-order 
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D. HIGHER-ORDER, (hwo - l)i, EQUATIONS 
The higher-order equations can be determined by subs t i tu t ing  
expansions (4.6), (4.7) i n to  equations (4.3) and (4.4) and then 
col lect ing powers (hwo - 1) . An equivalent procedure i s  t o  take 
p a r t i a l  der ivat ives  with respec t  t o  
of equations (4.3),  (4.4) and then t o  set hwo = 1. .The equations a l l  
have the following form: 
Energy equations : 
i 
hwo, t o  the  various orders wanted, 
G$' + (ooFo)Gi' = ( r igh t  s ide)  i: 1, 2, 3, . . . (4.13) 
Momentum equations : 
F;" + (F0)F;' - (F0 ' )Fi '  + ( F g  )F i  = ( r i g h t  s ide)  
i: 1, 2, 3, . . . (4.14) 
The invariance of the  left-hand s ides  of t he  equations eases somewhat 
the  t a sk  of machine programming the  solut ions of t he  equations. 
Another point of i n t e r e s t  t ha t  we observe from (4.8) i s  t h a t ,  
above the  f i rs t  order,  a l l  the per t inent  boundary conditions are homo- 
geneous. 
of the  stagnation-point problem when we carry the  expansions t o ,  or 
beyond the  f i r s t  order,  and then t runcate  the  se r i e s .  
This means t h a t  we can always s a t i s f y  the  boundary conditions 
Equations (4.13) and (4.14) a re  wr i t ten  out with t h e i r  r i g h t -  
hand s ides  i n  appendix B. The solution f o r  each order depends on the  
solutions of the  lower orders.  For a given order, the  momentum equa- 
t ion  i s  coupled t o  the  energy equation, but not vice versa. A s  seen 
i n  appendix B, the  e f f ec t s  of t he  parameters appear on the  right-hand 
s ides  of t he  equations, so the  solutions w i l l  l og ica l ly  assume a s p l i t  
form. 
In  obtaining numerical solutions we w i l l  use third-degree poly- 
nomial 'representations f o r  the gas propert ies ,  m, g, 6. As  seen i n  
appendix B, the  parameters, m i ,  gi, 6 i ,  appear progressively with the  
order of the  equations. 
been s e t  up i n  complete form, but the  numerical r e su l t s  (ch. 5 )  
Through the  t h i r d  order t h e  equations have 
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w i l l  show t h a t  some terms can be dropped. Above the  t h i r d  order, only 
s igni f icant  terms have been retained i n  the equations (determined by 
comparison with exact so lu t ions) .  
E. FORM OF SERIES FOR G AND F 
Solutions of equations (4.12), (4.13),  and (4.14) w i l l  y ie ld  
universal  functions t h a t  can be put in to  expansions ( 4 . 6 ) ,  (4.7) t o  
y i e ld  the  following form 
+ (higher order terms) (4.15) 
+ (higher-order terms) (4,161 
The nomenclature i G j ,  i F j  represents the  i t h  s p l i t  function of the 
j t h  order.  It i s  multiplied by the  parameter t o  which it corresponds, 
as indicated on the  right-hand s ide of i t s  equation i n  appendix B. A 
l e t t e r  subscript  (e .g . ,  aF2) represents a function t h a t  w i l l  e i t h e r  be 
dropped or approximated. A n  exception t o  t h i s  nomenclature system i s  
with the term 2G1 
s ec t .  B ) .  The nomenclature of t h i s  t e r m  w i l l  appear consistent i n  
equation (4.17) below. The term 2G1 has the boundary condition of 
t he  second-order terms, 2G1(0) = 0. 
which i s  a second-order term (see appendix B, 
Using equation (4.2) we subs t i tu te  (owe - ao) f o r  al(hwo - 1) i n  
the se r i e s  (4 .15) ,  (4.16) and we have the  more desirable  form 
r 
(hwo - 1) + higher orders i n  (awo - ~ r ~ ) ~ ]  
l! 
+ ( higher -order terms ) (hwo - 1)2 
2 !  
+ [(m1)1G2 + (g1)2G2 + * * I  
(4.17) 
(hwo - 1)2 
2 !  
+ . - + (g2)4F2 + (82155'2 + . - 1  
+ (higher-order terms) (4.18) 
I n  obtaining numerical solutions we w i l l  r e s t r i c t  t he  values tha t  
t o  take within ra ther  narrow p r a c t i c a l  l i m i t s  we w i l l  allow owo 
(0.65 5 aw0 5 0.80). 
within any given order of (hwo - 1) 
than the  f i r s t  can be neglected. In  f a c t ,  f o r  some of the  terms, even 
the  f i r s t  order o f  (awo - ao) produces a negl igible  e f f ec t .  
Comparison with exact solut ions w i l l  show t h a t  
higher , orders of ( awo - a o ) j  
The s e r i e s  indicated above (eqs.  (4.17),  (4.18)) a r e  wr i t ten  i n  
t h e i r  f i n a l  form i n  chapter 5 (eqs. (5 .3) ,  (5.4)). A t  t h i s  point it 
should be mentioned t h a t  we w i l l  never use the  i n f i n i t e  s e r i e s .  We 
w i l l  t runcate  the  ser ies ,  so t h a t  ac tua l ly  G and F are represented 
by f i n i t e  polynomials i n  powers of (hwo - 1) . 
For the  convenience of the reader, i n  f igu re  1 are shown the  
derivation of t he  
the  s ign i f icant  ( re ta ined)  terms are  shown f o r  t he  higher orders.  
i G j  and i F j  terms through the  t h i r d  order, and 











Figure 1.- Derivation of axisymmetric stagnation-point universal functions. 
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Figure 1.- Concluded. 
F. THE METHOD OF SOLUTION APPLIED TO EQUATIONS OF 
HIGHER ORDER I N  POWERS OF tj 
A method of determining general solutions t o  the stagnation-point 
(zero order i n  6 )  equations has been explained i n  t h i s  chapter. This 
same procedure of obtaining solutions by expanding i n  powers of 
(hwo - 1)’ 
forms of  which a re  given i n  appendix A. These solut ions become 
increasingly complicated, as they tiepend on the  solutions t o  the  
zero-order (and lower tjn order)  equations. It i s  probably more 
p rac t i ca l  t o  obtain solutions downstream of the stagnation point by 
f in i te -d i f fe rence  methods. The procedure described here w i l l  deter-  
mine stagnation-point p ro f i l e s  which can be used as s t a r t i n g  values 
f o r  f in i te -d i f fe rence  methods. 
can be applied t o  t he  equations of higher order i n  t j ,  t he  
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CHAPTER 5 
NUMERICAL SOLUTIONS FOR THE STAGNATION-POINT EQUATIONS 
The equations shown i n  chapter 4 (and appendix B) cannot be solved 
analyt ical ly .  
t o  these equations. 
I n  t h i s  chapter we w i l l  present the  numerical solutions 
A. METHOD OF OBTAINING NUMERICAL SOLUTIONS 
Equations (4.12), (4.13), (4.14) (see also appendix B)  with 
boundary conditions given by (4.8) were programmed by the  author f o r  
solution on the  I B M  7090 d i g i t a l  computer. The solutions t o  the  equa- 
t ions  were s p l i t  as indicated i n  appendix B. A l l  are l i n e a r  equations 
except the  zero -order momentum equation ( 4.12). 
t i o n  i s  of such a nature t h a t  f'unctions can be generated t h a t  solve 
the  d i f f e r e n t i a l  equations provided su f f i c i en t  i n i t i a l  ( w a l l  boundary) 
conditions a re  known. All of the  equations t o  be solved are  accom- 
panied by outer boundary conditions r a the r  than j u s t  w a l l  boundary 
conditions. Once a solut ion i s  determined t h a t  s a t i s f i e s  t h e  outer  
boundary conditions, then suf f ic ien t  i n i t i a l  conditions a re  known t o  
generate the  solut ion again. 
The machine computa- 
Because of i t s  nonl inear i ty  and because Fo and i t s  derivatives 
a re  i n  the  coef f ic ien ts  and the  right-hand s ides  of the  l i nea r  equa- 
t ions  (4.13), (4.14), equation (4.12), t he  Homann equation, w a s  solved 
separately from the  r e s t .  The procedure i n  finding the  solution w a s  
t o  adjust  an unknown i n i t i a l  condition, Fo" (0) ,  u n t i l  the  outer  bound- 
ary condition ( l e f t  s ide of eq. (4.8d)) w a s  s a t i s f i ed .  Then the  func- 
t i o n  could be generated again using the  three  i n i t i a l  conditions, 
Fo(0), Fo' (0 ) ,  Fd' (0) .  The purpose of t h i s  solut ion was  t o  accurately 
determine Fd'(0). Then, i n  solving the  l i n e a r  equations, the  comput- 
ing machine could generate 
solutions with a variable increment s i ze  (see sec t .  B below). 
machine computation, i n f i n i t y  w a s  taken as su f f i c i en t ly  rea l ized  a t  
17 = 10. 
ca l ly  as 17 becomes large.  The select ion of 17 = 10 i s  explained i n  
Fo(v) and i t s  der ivat ives  as needed f o r  
For the 
This seems allowable as Fo'(v) approaches uni ty  asymptoti- 
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appendix C wherein an asymptotic solution of th i s  equation i s  given. 
The p l o t  of Fo'(v) i s  shown i n  f igure  2(a) .  
The l i nea r  equations w e r e  solved f o r  the  proper boundary values by 
l i nea r  superposition. The complete equations were solved with the  
given i n i t i a l  conditions, and one addi t ional  ( a rb i t r a ry )  assumed 
i n i t i a l  condition, iGj ' (0)  f o r  t he  energy equations, and 
f o r  t he  momentum equations. The homogeneous pa r t  of t h e  energy equa- 
t ions  w a s  solved with the  i n i t i a l  conditions, iGj(0) = 0 and with 
iGj '(0) begin given an assumed a rb i t r a ry  value. 
of the  momentum equations w a s  solved with 
with iF i ' (0 )  being given an assumed a rb i t r a ry  value. The homogeneous 
solutions could then be multiplied by constants and superposed t o  the  
complete solutions t o  obtain the  proper boundary conditions a t  i n f i n i t y  
(7 = 10) .  
conditions, iGj ' (0)  and iFJ' ( 0 ) .  The correct solutions could then be 
generated again a t  w i l l .  The superposition method described w a s  pro- 
grammed in to  the  computing procedure. 
iFj" (0) 
The homogeneous pa r t  
iF j (0 )  = iF j ' ( 0 )  = 0 and 
These superpositions provided the  correct  missing i n i t i a l  
Because of t h e i r  dependence on one another, t he  equations had t o  
be solved i n  the  order i n  which they a re  l i s t e d  i n  appendix B. Actu- 
a l l y ,  a l l  the  equations were programmed in to  the  machine simultaneously 
( a f t e r  having separately determined Fd' (0)  as described above). The 
proper order of solution of t he  equations w a s  handled by the  computing 
machine by l e t t i n g  the  program make a number of "passes" through the 
machine. The f i n a l  pass generated the  correct solutions t o  a l l  the  
equations, w i t h  t he  solutions s p l i t  i n to  t h e i r  components. All  of t he  
solutions approach t h e i r  boundary condition a t  i n f i n i t y  asymptotically, 
and the  boundary conditions a t  i n f i n i t y  a re  adequately represented a t  
q = 10. 
I n  programming the  solutions t o  the  equations, the  author was  able 
t o  use an ex is t ing  subroutine for the  integrat ion of a family of second- 
order d i f f e r e n t i a l  equations. This i s  "Share" Subroutine RWDE6F con- 
verted t o  "FORTRAN" language. . This subroutine obtains s t a r t i n g  values 
by the Runge-Kutta method, and the  main integrat ion is  car r ied  out by 
the  Livermore Cowell method, which i s  a predictor-corrector procedure. 
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This subroutine was  used d i r e c t l y  i n  the  %energy equations which a re  of 
second order. 
energy equation i n  order t o  obtain the  in t eg ra l  with respect t o  of 
each enthalpy term, i G j  (used i n  calculat ing y and 6* and explained 
i n  chapter 6 ) .  
d i f f e r e n t i a l  equations was not known t o  t h e  author, s o  the  momentum 
equations (which are t h i r d  order)  were s p l i t  i n t o  pa i r s  of second-order 
equations i n  order t o  use Subroutine RWDE6F. The simultaneous solution 
of  a la rge  number of coupled d i f f e r e n t i a l  equations poses no d i f f i c u l t y  
f o r  the computing machine. 
An addi t ional  d i f f e r e n t i a l  equation w a s  paired with each 
An exis t ing  subroutine f o r  integrat ing third-order  
B. THE NUMERICAL RESULTS 
The universal  solutions obtained separate out t he  e f f ec t s  of the  
parameters of  t he  problem (through third-degree gas -property polynomials) . 
The one parameter t h a t  cannot be separated out i s  00 because it appears 
i n  a coef f ic ien t  on the  l e f t  s ide of t he  energy equations (4.13). 
quantity, ao, can be assigned an a rb i t r a ry  value as it i s  the  reference 
value around which we e l e c t  t o  perturb the  w a l l  Prandt l  number, awe. 
For the  numerical solutions,  we are  using the value, bo = 0.75. 
A number of terms in  the  se r i e s  expansions (4.17) and (4.18) a re  
The 
affected by the  value of t h e  w a l l  Prandtl  number, awo. We have s e t  
narrow l i m i t s  f o r  the var ia t ion of t h i s  quantity (0.65) <_ ow, <_ 0.80), 
and within t h i s  l imi ta t ion  we can approximate the  universal  functions 
t h a t  involve awo ( o r  ol). Each term involving ow0 can be regarded 
as a modification or perturbation of another term. For example, f r o m  
equation (4.18) we have the  t e r m :  
1 1 2 
Comparison with exact solutions w i l l  show t h a t  t he  term involving 
(awo - a0)* 
considered as a s m a l l  modification of the  f i rs t  term, lF1. The func- 
t i o n s ,  lFl and &F2, have the  same boundary conditions so we can set up 
the  approximation 
can be neglected while t he  term with (awo - oo) can be 
aF2 ( ~ 1 1 ~ 1  
. .  
where C i s  a constant t o  be determined. Then we  can wri te  f o r  the  
term giving the  e f f ec t  of g,: 
T h i s  i s  the  f o r m  tha t  w i l l  be used i n  the  f i n a l  wri t ing of the  se r i e s  
f o r  G and F. This approximation s t a t e s  t h a t  t he  e f f ec t  of awo i s  
t o  modify the  effect ive value of t h e  parameter involved (g, 
case i l l u s t r a t e d ) .  
comparison with exact solutions as described below i n  t h i s  chapter. 
The constant, C ,  was  adjusted t o  give accurate values of G'(0) and 
F"(0). This procedure eliminated the  need f o r  solving f o r  t he  univer- 
sal  functions containing a, i n  t he  equations i n  appendix B. The one 
exception i s  2G1 which appears i n  equation (4.17); 2G1 w a s  solved 
f o r .  T h i s  w a s  necessary because 2G1 has a d i f f e ren t  boundary cdndi- 
t i o n  than ,G1, so  these t w o  terms could not be combined. The term, 
2G1, which i s  ac tua l ly  a second-order term moved t o  the  f i r s t  order, 
has the  second-order boundary condition 
and appendix B, sec t .  B ) .  
i n  the  
The accuracy of this  approximation w a s  checked by 
2G1(0) = 0 (see ch. 4, sec t .  E, 
The universal  functions used i n  the  f i n a l  formulas f o r  G and F 
are  shown i n  f igure  2. The components of t he  dimensionless velocity,  
i F j  , have been p lo t ted  ra ther  than i F j  as it i s  f e l t  t h a t  i F j  
i s  more immediately meaningful. I n  f igure  3 are  shown p lo t ted  the  
universal  in tegra ls  (see ch. 6) of the  
the formula 
t I 
i G j  functions,  as defined by 
iIj = l' i G j  d', ( 5 .1 )  
I n  both f igures  2 and 3 it i s  seen that a l l  of t he  functions approach 
t h e i r  outer boundary conditions asymptotically. 
Numerical values of t he  universal  functions used a re  presented i n  
t ab le  I. The tabulations include the  i G j  functions,  t he  f i rs t  and 
second der ivat ives ,  and the in tegra ls ,  iIj, of t he  i G j  functions;  
the  i F j  
tabulated.  The machine computes t o  e ight  s ign i f icant  f igures ,  but  addi 
t ions  and subtractions were made i n  solving the d i f f e r e n t i a l  equations; 
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Figure 3. - Axisymetr ic  stagnation-point universal  enthalpy in tegra ls ;  
cr0 = 0.75. 
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therefore  it i s  believed t h a t  the  r e s u l t s  presented a re  generally 
accurate t o  f i v e  decimal places,  as presented i n  t ab le  I. 
All of the  universal  functions obtained have been recorded on a 
permanent binary tape. 
solved with a variable increment s i ze  which allows the  coiiiputing 
machine t o  determine optimum increments of the  independent var iable .  
I n  order t o  avoid tabulat ing odd values of 7 ,  t he  calculat ions were 
changed t o  f ixed  increment s izes  f o r  recording on the  permanent binary 
tape. 
variable increments f o r  given values of 7 .  
7 
doubled four times a t  d i f fe ren t  7 
ment i s  0.04. 
versa l  functions) a re  on the permanent binary tape of which a r e l a -  
t i v e l y  s m a l l  portion i s  presented i n  tab le  I. 
The d i f f e r e n t i a l  equations w e r e  o r ig ina l ly  
The f ixed  increments w e r e  se lected t o  be no l a rge r  than the  
The smallest increment of 
a t  t he  wall  i s  0.0025; moving out from the  w a l l  the  increment i s  
values so t h a t  t he  l a rges t  incre-  
Approximately 600 values of q (with corresponding uni -  
C .  ADJUSTMENT OF HIGHEST-ORDER TERMS 
The ser ies  forms f o r  G and F, indicated i n  equations (4.17) and 
(4.18) can be thought of as truncations of i n f i n i t e  s e r i e s .  
of the  c i r c l e s  of convergence i n  the  complex hwo plane of the  various 
terms of the two s e r i e s  a re  d i f f i c u l t  t o  ascer ta in ,  but  t he  pr inc ipa l  
i n t e re s t  i s  t h a t  the  two truncated se r i e s  accurately represent func- 
t ions  which solve equations (4.3) and (4.4) w i t h  boundary conditions 
(4 .5) .  
each parameter o r  combination of parameters), and the  resu l tan t  two 
se r i e s  can be thought of as Taylor s e r i e s  with remainders. 
The r a d i i  
We w i l l  adjust  the  highest-order terms t h a t  we r e t a in  ( f o r  
From the  theory of  Taylor s e r i e s  with a remainder ( r e f .  8, p. 98, 
re f .  9, p. 14 ) ,  we know t h a t  the  remainder can be adjusted so the  
se r i e s  passes through a given point.  A s  i l l u s t r a t e d  i n  the  sketch, we 
can expand the  function 
x = a. We assume f o r  the  present that the  se r i e s  i s  convergent. W e  
y = f ( x )  i n to  a Taylor s e r i e s  around the  point,  
imagine the  se r i e s  car r ied  through the  second order and having a remain- 
der term. This remainder term i s  ac tua l ly  an adjusted third-order  term. 
This adjustment can be made so t h a t  t he  se r i e s  passes through the  exact 




around this point.) 
second-order series with remainder and the function,. f (x) , will, in 
general, not be exact, but it can be very good depending on how well 
the function, f(x), can be fitted by a polynomial of third degree. 
illustration given is with the assumption that the Taylor series con- 
verges when a <_ x <_ b. Often, the same considerations will apply when 
the point, x = b, is outside the circle of convergence of the Taylor 
series, or when the series is an asymptotic expansion. The principal 
criterion is, again, how well the function, f(x), can be fitted by a 
third-degree polynomial when the coefficient of the third-degree term 
is at one’s disposal to adjust. 
For the range of x, a < x < b, the fit between the 
The 
The method explained above was used in adjusting the highest-order 
terms in series of the type (4.17), (4.18). 
(hwo - 1) and the various parameters were selected; and the highest- 
order terms were adjusted so that the series solutions matched the 
Practical extremes of 
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exact solutions of equations (4.3) and (4.4) for these extreme condi- 
tions. After the adjustments were made to the highest-order terms, 
moderate combinations of (hwo - 1) and the parameters were then 
selected and the matchings of the adjusted series solutions with the 
exact solutions were checked. This will be explained below in more 
detail. 
It is probably desirable to list the steps in a rigorous method 
of adjustment of the highest-order terms (although this procedure was 
not actually used). In the sketch above it should be recognized that 
the variable x corresponds to the product of (hwo - 1) and some com- 
bination of parameters. The sketch can be thought of as illustrating 
the adjustment for one particular value of the variable, q .  
this adjustment must be made for all values of 
obvious) the adjusted highest-order terms are functions of q .  In a 
rigorous adjustment of the highest-order terms, one would first assign 
practical extreme values to (hwo - 1) and the parameters. One would 
then obtain exact solutions to equations (4.3) and (4.4) for these con- 
ditions. Next, one would evaluate the series of type (4.17), (4.18) 
through one order less than the highest order to be used. Finally, .one 
would subtract the next to highest order evaluations from the exact 
solutions. The differences obtained would give the adjusted highest- 
order terms. The series with adjusted highest-order terins could be 
checked against the exact solutions with moderate combinations of 
(hwo - 1) and the parameters. 
Of course, 
q ,  or (as is probably 
The method that was actually used to adjust the highest-order 
terms was an adjustment on these terms as numerically calculated 
(table I). 
iGj and iFj, by a constant. 
the wall derivatives, G ' ( 0 )  and F"(O), with those obtained from exact 
solutions of equations (4 .3) ,  (4.4). The possibility of using this 
method comes from the fact that for a given parameter, the curves of 
related universal functions shown in figure 2 have approximately simi- 
lar shapes. As an example, in figure 2, we can compare the curves for 
=F1', ,F2', and lFg', which are all connected with the parameter 
The method was simply to multiply each highest-order term, 




~ .. . . . . . . . . .. . , . . . .. .. ...... .. . . I  .I.,. ..-.-- I, I, ,111. 
and we can see t h a t  the shapes are roughly s i m i l a r .  We can surmise 
t h a t  t e r m s  of higher order connected with 
approximately t h i s  shape, or, if  t he  higher-order terms would be lumped 
in to  one remainder term, it would have t h i s  same approximate shape. So 
it seems l i k e l y  t h a t  a reasonable remainder term can be obtained if  
lF3 i s  multiplied by a constant. The "rigorous" method previously 
described i s  exact a t  t h e  conditions f o r  which it i s  calculated,  but  
it, l i k e  the  method ac tua l ly  used, can only be a good approximation 
a t  conditions other than those for which calculated.  
g, would continue t o  have 
1. Exact Solutions 
I n  order t o  adjust  t he  highest-order terms i n  our expansions, we 
need exact solutions o f  equations (4.3) and (4.4) with boundary condi- 
t i ons  (4.5). I n  obtaining exact solutions,  selected values of the gas 
property parameters were inser ted in to  (4.3) and (4.4). 
value of 
the  boundary condition ( 4 . P ) .  
third-order equation (4.4) w a s  s p l i t  i n to  two second-order equations i n  
order t o  use an ex is t ing  subroutine ( the  procedure described i n  
sect .  A ) .  
the  "missing" i n i t i a l  ( w a l l )  conditions, F"(0) and G ' ( O ) ,  and run the  
case through t o  the  outer  boundary (7 = l o ) .  
incrementing or decrementing the  i n i t i a l  conditions, F''(0) and G' (0 ) ,  
was used u n t i l  the  t w o  outer boundary conditions ( 4 . 5 ~ )  were "bracketed" 
( las t  two t r i a l s  gave values greater  and less than t h e  correct  outer  
boundary conditions).  
taneously as it w a s  found tha t  while t he  equations in t e rac t  with each 
other,  equation (4.3) i s  most sens i t ive  t o  G ' ( 0 )  while (4.4) i s  most 
sensi t ive t o  F"(0).  It frequently happened t h a t  one equation found a 
bracket while the  other  w a s  s t i l l  incrementing toward i t s  bracket. 
Further incrementing o f  the  second i n i t i a l  condition sometimes resul ted 
i n  the f i r s t  equation being thrown out of i t s  bracket as a r e s u l t  of 
interact ion,  so  t h i s  contingency had t o  be provided f o r .  When both 
A selected 
hwo w a s  inser ted  i n  equations (4 .3)  and (4.4) and a l so  i n  
I n  programming the  solutions,  the  
The procedure used i n  s t a r t i n g  t h e  solut ions w a s  t o  guess 
A systematic procedure of 
Both i n i t i a l  conditions were adjusted simul- 
outer bocndary conditions were bracketed, l i n e a r  interpolat ion w a s  used 
t o  determine a new p a i r  of i n i t i a l  conditions, and the  increment s izes  
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. .. . _. . 
on the  i n i t i a l  conditions were reduced. The above described increment- 
ing procedure w a s  then repeated u n t i l  new brackets were found. 
procedure w a s  repeated as many times as needed with decreasing incre-  
ment s izes  u n t i l  t he  outer  boundary conditions were s a t i s f i e d  t o  s i x  
decimal places.  The simple routine described above w a s  programed, SO 
t h a t  t he  f i n a l  answers were obtained as output i n  one machine opera- 
t ion .  Most cases were handled i n  from 20 t o  40 "passes." One "pass" 
required about 1-5 seconds of machine t i m e .  
This 
2. Adjustment of Highest-Order Terms Not Involving ow, 
I n  order t o  determine the  values of t he  constant mul t ip l ie rs  of 
highest-order terms not involving awo i n  the  G and F expansions, a 
number of exact solutions of equations (4.3) and (4 .4)  were obtained 
with 
hwo = 0 (an extreme value) .* 
parameters were selected as values t h a t  would more than encompass the 
range of a i r  propert ies  f o r  a f l i g h t  Mach number of about 10. The 
values selected are 
ow, = oo = 0.75 (or  o1 = 0 which i s  the  same thing) and with 
The extreme values of the  gas property 
ml = -1.0 m2 = 1 . 5  m3 = -4.5 ( 5 . 2 4  
g1 = -1.5 g, = 2.0 g3 = -6.0 (5.2b) 
81 = 1.0 82 = -0.4 83 = 1.2 ( 5 . 2 4  
These parameter values were inser ted i n  equations (4 .3 ) ,  (4 .4)  i n  
various combinations, and the constant mult ipl iers  i n  the se r i e s  expan- 
sions were determined by matching the  w a l l  der ivat ives ,  G' ( 0 )  and F"(O), 
between the  exact and the  ser ies  solut ions.  W i t h  the  values of  the  
constants inser ted i n  the  G and F expansions, comparisons were made 
between exact solut ions and se r i e s  expansion solutions using 
values of 0.2 and 0.5. 
t ions  d i f fe ren t  from those used t o  determine the  constants. The values 
of the  constants determined by the  procedure described are  shown below 
i n  section D, equations (5.3) and (5.4) .  
hwo 
This gave comparisons of answers under condi- 
. .- - 
~ . .  - 
*The use of hwo = 0-does not imply t h a t  we expect to--physically 
r ea l i ze  t h i s  value i n  a boundary layer.  It i s  a mathematically con- 
venient extreme value t o  be inser ted  in to  equations (4.3),  (4 .4) ,  
and (4.9). 
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The comparisons of the  values of t he  w a l l  derivatives obtained 
from the  exact solut ions and those obtained from the  expansions a re  
summarized i n  table 5-1. Parameters l i s t e d  f o r  a case have the  values 
l i s t e d  i n  table 5-1; t he  other  parameters f o r  a pa r t i cu la r  case a re  
zero .  The underlined values of the calculated w a l l  derivatives are 
those f o r  which the  constants were adjusted t o  &e the  calculated 
derivatives equal t o  the  exact der ivat ives  (a t  I n  some 
cases both 
s t an t s  were determined. I n  other cases (e .g . ,  case ml), only one 
derivative i s  underlined which means t h a t  only one constant was ava i l -  
able f o r  adjustment. 
hwo = 0 ) .  
G ' ( 0 )  and F"(0) are underlined which means t h a t  two con- 
O f  t he  cases l i s t e d  i n  tab le  5-1, the  l a rges t  e r ro r  seen i s  
2.5 percent which occurred i n  two cases, case m 3  and case m2,m3. 
Most of the  comparisons are within 1 percent. This i s  thought t o  be 
a very sa t i s f ac to ry  check. It was  not necessary t o  check the cases 
a t  hwo = 1. A l l  cases check exactly a t  t h i s  w a l l  enthalpy value 
since the perturbation i s  made around hwo = 1. 
The cases l i s t e d  i n  table 5-1 were compared throughout the  bound- 
ary layer .  
of G ( q )  and F ' (q )  f o r  t he  cases l i s t e d  a t  the  three  hwo values used. 
A s  examples, t h e  p lo t s  of several  cases are shown i n  f igure  4. 
61 case ( f ig s .  4 (a-c) )  shows the  e f f ec t  of one parameter. Two con- 
s t an t s  were determined f o r  t h i s  case (underlined i n  tab le  5-1). 
seen t h a t  t he  agreement throughout t he  boundary layer  i s  very good. 
The 
combination of two parameters. Two constants were determined f o r  t h i s  
case, and again the  agreement i s  very good. 
P lo t s  were made comparing the  exact and calculated values 
The 
It i s  
g1,61 case p lo t t ed  i n  f igures  4(d-f)  shows the  e f f ec t s  of a 
I n  the  l a t t e r  p a r t  of  t ab l e  5-1 are  shown some cases involving 
combinations of parameters f o r  which no constants were determined (not 
underlined). 
but the  terms associated with the  constants were dropped i n  order t o  
keep the  G and F se r i e s  t o  reasonable lengths. The terms were dropped 
on the  bas i s  of having only a s m a l l  e f f ec t  on the  w a l l  derivatives.  
This could be expected t o  possibly produce l a rge r  e r r G r s  away from the  
Constants could have been determined f o r  these cases, 
TABLE 5-1. - COMPARISON OF WALL DERIVATIVES WITH WALL 
PRANDTL NlTMBEB F I X E D  
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TABLF: 5-1.- COMPARISON OF WALL DERIVATIVES WITH WALL 
F R A " L  NUMBER FIXED - Continued 
aTJ0 = 00 = 0.75 
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TABIX 5-1. - COMPARISON OF WALL DERTVATIVES W I T H  WALL 
I?RANDTL NUMBER FIXED - Continued 
a,, = 00 = 0.75 
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'5 -2235 
.2 .3226 
0 - 38199193 
.5 .2174 . 









g, 7 g2 J g, 7 












































































TABLE 5-1. - COMPARISON OF WALL DERIVATIVES WITH WALL 
PRANDTL NUMBER FlXED - Concluded 
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Note: Quantities underlined have been matched with exact values by 
adjustment of constants. Parameters not listed are zero for 
a particular case. 
Values of parameters unless otherwise shown: 
m, = -1.0 g, = -1.5 = 1.0 
m2 = 1.5 g2 = 2.0 62 = -0.4 




















Figure 4.-  Comparison of exact and calculated values of G and F'; 
uwo = bo = 0.75. 
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Figure 4. - Continued. 
Figure 4. - Concluded. 
w a l l  because, as seen i n  f igu re  2, the  universal  functions reach t h e i r  
asymptotes a t  d i f fe ren t  rates and at  d i f fe ren t  values of v .  The most 
extreme case l i s t e d  i n  t ab le  5-1 i s  ml,m2,m3,gl,g2,g3,81,82,8~ i n  
which a l l  the  parameters have t h e i r  extreme values. This case, with 
hwo = 0, i s  shown i n  f igu re  4(g). 
bends t o  reach i t s  asymptote there  i s  an e r ro r  i n  
cent. This case, with a l l  parameters simultaneously taking t h e i r  
extreme values, and hwo = 0 i s  ac tua l ly  more severe than we contem- 
p l a t e  f o r  applications of t he  method (examples i n  ch. 7)  and more 
extreme than we w i l l  have f o r  f l i g h t  Mach numbers up t o  10. The 
e r rors  a t  a distance from the  w a l l  t h a t  we w i l l  have i n  applications 
a re  typ i f ied  i n  f igures  7 and 11 (cases described i n  ch. 7 ) .  
e r rors ,  due t o  dropping small t e r m s  and t o  truncations of t he  
se r i e s  (see f i g .  l), go t o  zero as hwo approaches uni ty .  The 81 
and g,,61 
It i s  seen t h a t  where the  curve 
F' of about 4 per-  
The 
G and F 
cases as p lo t t ed  i n  f igure  4 are ty$ical of t h e  accuracy 
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obtained i n  cases for which constants have been determined. On the  
whole, t h e  checks shown i n  t ab le  5-1, a f e w  examples of which are shown 
p lo t ted  i n  f igu re  4, a re  considered t o  be qui te  sa t i s fac tory .  
3. Method of Adjusting ow0 Terms 
The method of determining the  constant mult ipl iers  of the  highest-  
order owo terms i n  the G and F expansions i s  e s sen t i a l ly  the  same 
as tha t  described i n  the  previous subsection for the  terms not inyolv- 
ing owo. A number of exact solutions of equations (4.3) and (4.4) 
were obtained w i t h  various combinations of gas-property parameters, 
various values of the w a l l  Prandtl  number, awo, and w i t h  hwo = 0. The 
purpose w a s  t o  determine which terms i n  the  se r i e s  f o r  G and F have 
any s igni f icant  dependency on Iswo. These terms with the  constants 
evaluated are seen below i n  equations (5 .3)  and ( 5 . 4 ) .  
The constants were adjusted t o  match the  G ' ( 0 )  and F"(0) of the  
exact solutions f o r  a value of 
property parameter values shown i n  equations (5.2).  
were made with exact solutions by considering 
and 0.80 f o r  hwo = 0. A f e w  cases were a l s o  checked with hwo = 0.2 
and 0.5. Comparisons of the w a l l  der ivat ives  f o r  these determinations 
and checks are shown i n  table 5-2. A s  i n  t ab le  5-1, t he  underlined 
values represent wall  derivatives f o r  which a constant w a s  determined 
t o  match the  value of the  derivative given by the  exact solution. 
on the  w a l l  
owo = 0.70, hwo = 0, and with the gas- 
Then comparisons 
awo values of 0.65 
Table 5-2 gives a survey of the  e f f ec t s  of ow, 
derivatives G' (0) and F"(0). ?"ne tab le  shows tha t  our f i r s t - o r d e r  
perturbation of t h e  e f fec t  of  ow, i s  very good. I n  the cases l i s t e d  
f o r  which a constant w a s  determined a t  
e r rors  i n  t h e  same der ivat ive a t  
t o  departures from l i n e a r i t y  of the  e f f ec t s  of 
limits f o r  the  values of 
0.80 are  the  values we used i n  checking against  exact solutions.  
results shown i n  tab le  5-2 suggest t h a t  these l i m i t s  could-be extended 
somewhat. However, these limits encompass the  range of ow, values of 
owo = 0.70 (underlined), the  
values of 0.65 and 0.80 are due owo 
owe. 
a t  0.65 <_ owo 5 0.80, because 0.65 and 
The 
We have s e t  
ow, 
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TABLE 5-2.- COMPARISON OF WALL DERIVATIVES WITH VALUES 
O F  THE WALL pRAI\wTL NlTMBER 


























































































































TABLE 5-2. - COMPARISON OF WALL DERIVATIVES WITH VALUES 
OF THE WALL PRANDTL NUMBER - Continued 
























































































TABLE 5-2. - COMPARISON OF WALL DERIVATIVES WITH VALUES 
O F  THE WALL PRANDTL NCTMBER - Continued 
































































7506 - 5637 
0.65 
.65 





























































































































































TABLE 5-2.- COMPARISON OF WALL DERIVATIVES WITH VALUES 
OF THE WALL P R A " L  NUMBER - Concluded 
bw0 = 0.65, 0.70, 0.75, 0.80 
ml 7 m2 Y m3 I 








g 1 , g2 7 g3 7 
1, 62 7 &3 
m l i m 2 7 m 3 7  
51 7 g2 ? g3 7 
61 
m1,61 
61, 62 63 
I I 
I 
'65 1 .4125 .4127 
-75 0 1 .4367 1 .4367 
.65 o .4123 .4127 .4021 
-75 0 ,4366 * 4367 .4066 
.80 o 4479 .4487 .4085 
.65 o .3987 .4018 .2856 
*75 0 .4228 .4258 2950 
.80 o .4341 4379 * 2991 
.65 o 3054 -3035 .4083 
*75 0 .3224 .3206 .4125 
.80 o -3304 3292 .4143 
.65 o .3642 - 3649 5493 
'75 0 3857 -3857 .5610 
.65 o .4049 .4054 4345 














































Note: Quant i t ies  underlined have been matched with exact values a t  
bwo = 0.70 by adjustment of constants.  Parameters not l i s t e d  
a re  zero for a pa r t i cu la r  case. Values of parameters a re  as 
l i s t e d  i n  t ab le  5-1. 
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gases i n  which we might have i n t e r e s t ,  so  these l i m i t s  can be considered 
as p rac t i ca l  values. 
less than 1 percent. 
g3,6,,62,63 (2.2 percent a t  
and i n  case (2.1 percent a t  ow, = 0.65 and 
1.8 percent at  Even these e r rors  a re  not mainly due t o  
the  owo perturbation because almost the  same er rors  ex i s t  f o r  these 
cases with uwo = oo = 0.75. 
A l m o s t  a l l  e r rors  i n  t ab le  5-2 a t  
The l a rges t  e r rors  are i n  case 
owo # 0.75 a re  
ml,*,m3,gl,g2, 
uwo = 0.65 and 2.1 percent a t  owo = 0.80) 
awo = 0.80). 
As was  done w i t h  t he  data  f o r  t ab le  5-1, p lo t s  were made of the 
t ab le  5-2 data  comparing exact and computed values of 
throughout the  boundary layer .  The p lo ts  of several  cases a re  shown i n  
f igure  5. A t  hwo = 0 and ow, = 0.70 a re  shown p lo ts  of three cases 
f o r  which constants were determined: the  ml case ( f i g .  5 (a ) ) ,  t he  
g, case ( f i g .  5 ( b ) ) ,  and the  61 case ( f i g .  5 ( c ) ) .  It i s  seen that  
the  agreements shown are very good. I n  the  ml case the  F'(y) curve 
i s  not shown since both the  exact and calculated solutions a re  pre- 
c i se ly  the  Homann function. I n  f igures  5(d)  and ( e )  a re  shown the  
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Figure 5 . -  Comparison of exact and calculated values of G and F' 
with var ia t ion  of owe. 
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.2 (b) Case:  ( g l )  , ( g l = - 1 . 5  , other p a r a m e t e r s  = 0) 
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0 C a l c u l a t e d  G 
A C a l c u l a t e d  F' 
E x a c t  - 
- 
(c) C a s e :  (6,) , (SI=  1.0 , other  p a r a m e t e r s  = 0) 
hwo = O  ; uw0 = 0.70 
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(e )  Case: (m, ,  g,  ,S I  1 
hwo = O  ; uw,=O.8O 
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rl 
Figure 5. - Concluded. 
ml,gl,S1 case with hwo = 0 and with the  awo values 0.65 and 0.80. 
It i s  seen t h a t  t he  agreement i s  s t i l l  good for these awo values even 
though the  constants were determined f o r  ow, = 0.70. I n  f igu re  5 ( e )  
some e r ro r  can be seen where the  
This i s  due mainly t o  the  dropping of s m a l l  terms from the  s e r i e s  
( a l l  terms that would involve mi were dropped from t h i s  s e r i e s ;  see 
f i g .  l ( b ) ) .  I n  the  most extreme case with a l l  parameters taking t h e i r  
extreme values, the  e r rors  at the  d i f fe ren t  awo values are  about t he  
same as shown i n  f igure  4(g) for 
er rors  decrease t o  zero as hwo approaches uni ty .  On the  whole, t he  
checks obtained f o r  
the  p lo t s  i n  f igure  5, are  considered t o  be very sa t i s fac tory .  
F' curve bends over t o  i t s  asymptote. 
F 
awo = bo = 0.75. I n  a l l  cases the  
ow, # ao, as shown i n  t ab le  5-2 ahd typ i f i ed  by 
D. FIN& SERIES FORM OF SOLUTIONS 
With the  constant mult ipl iers  given t h e i r  numerical values, and 
with bo = 0.75, we write the  ser ies  f o r  G and F i n  f i n a l  form: 
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Equations (5.3), (5.4) are the working formulas giving solutions 
to equations (4.3), (4.4) with boundary conditions (4.5). The agree- 
ment shown in tables 5-1 and 5-2, and typified by the plots in fig- 
ures 4 and 5, forms the justification for representing solutions to 
equations (4.3), (4.4) in the form of the two series given, with the 
parameters of the problem serving as coefficients in the series. The 
limitation on the validity of the series solutions is that the gas 
properties should be representable by third-degree polynomials (dis- 
cussed further in sect. E, below, and appendix D). 
gas-property parameters, mi, gi, Si, can be outside the range of values 
listed in equations (5.2), but the actual terms in the gas-property 
The values of the 
i 
polynomials (e.g. ,  ( m i / i ! ) ( G  - 1) ) are  limited i n  magnitude and 
should have the sign f o r  which the  adjustments of constants were made. 
The magnitude l imi ta t ion  of the  gas-property polynomial t e r m s  i s  
obtained by using the  values of the  pa rme te r s  l i s t e d  i n  equation (5.2)  
and se t t i ng  G = 0 i n  the  gas-property polynomials. 
then, corresponds t o  the values of  the  gas-property polynomial terms 
f o r  which the  constants w e r e  adjusted. (These l imi ta t ions  are  tabu- 
l a t e d  i n  t ab le  E-1.) 
to be i n  the  range 0.65 <_ awo <_ 0.80. 
greater  than uni ty  (heated w a l l  case) ,  as the  constants were adjusted 
f o r  hwo - 1 = -1 (see sec t .  C.2 above). S l igh t  departures from the  
l imi ta t ions  may be allowable if  the  highest  -order terms i n  equations 
This l imitat ion,  
The value of the w a l l  Prandtl  number i s  expected 
Normally, hwo should not be 
(5 .3 ) ,  (5.4) a r e  s m a l l .  
For given values of hwo and the  gas-property parameters (awe, 
m l ,  m2, m3, gl, g,, g,, 61, 62, 6,) t he  values of ~ ( q )  and ~ ( q )  can 
be obtained through the  boundary layer  if the  tabulated values given i n  
table I for 
The values of t he  derivatives with respect t o  q 
layer,  G ' ( q ) ,  G " ( q ) ,  F ' ( q ) ,  F"(q),  F r r r (q ) ,  can also be obtained f r o m  
(5.3) ,  (5 .4)  by use of the  tabulated der ivat ives  of the  universal  func - 
t ions.  Equations (5 .3) ,  (5.4) (and the  der ivat ives)  have been machine 
programmed f o r  easy solu.tion, the  inputs being hwo and the  gas- 
property parameters, with the  universal  functions being input f rom the 
permanent binary tape on which they are  stored. 
i G j  and i F j  a re  subst i tuted in to  formulas (5 .3) ,  (5.4). 
through the  boundary 
The values of t he  w a l l  derivatives,  G'(0) and F"(0) a re  of special  
i n t e re s t .  
subst i tut ing the  values of the w a l l  der ivat ives  of the  universal  func- 
t ions,  iGj ' (0)  and i F j " ( 0 ) j  we obtain: 
Using equations (5.3) and (5.4) f o r  these derivatives,  and 
(5.5) 
[0.75958040 + 0.24585400(uw0 
( [  -2.24481120 - O.768744(~,0 
(5.6) 
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The machine programming of t he  der ivat ives  of equations (5.3) and (5.4)  
includes the  programming of equations (5 .5 )  and (5.6) .  
The constants i n  equations (5 .3) ,  (5 .4 ) ,  (5 .5 ) ,  and (5.6) a r e  
shown as delivered by the  computing machine with eight  "s ignif icant  
f igures"  o r  decimal places.  
ing machine f o r  t he  solut ion of equations (5 .3) ,  ( 5 . 4 ) ,  (5 .5) ,  and 
(5.6) with the  universal  functions being input f r o m  the  permanent 
binary tape. 
inasmuch as the  universal  h n c t i o n s  a re  rounded off t o  f i v e  decimal 
places i n  t ab le  I, and it appears ce r t a in  t h a t  more decimal places a re  
not meaningful (see discussion i n  sec t .  B above). 
off may be used when one considers the  accuracy of r e s u l t s  required and 
the  accuracy shown i n  tab les  5-1 and 5-2. 
These a re  the  numbers used by the comput- 
For hand computations, the  constants can be rounded off 
A fur ther  rounding 
E. REPRESENTATION OF THE G M  PROPERTIES BY POLYNOMIALS 
To solve a problem by means of  the  formulas given i n  t h i s  chapter, 
it i s  necessary t o  know the  gas-property parameters, m i ,  giy 
erably through the  t h i r d  order. 
rewrite equations (3.1) i n  the G notat ion as third-degree polynomials. 
S i ,  p re f -  
A s  an a id  t o  our discussion we w i l l  
g3 3 
= 1 + g,(G - 1) + ( G  - 1)2 + - ( G  - 1) 
2 6 g(G) = ( P d s o  
( 5 . 7 4  
82 63 3 
2 6 = 1 + E1(G - 1) + - ( G  - 1)2 + - ( G  - 1) 6 ( G )  = - 
pso 
P 
There are several  ways of determining the  gas-property parameters. 
If the  gas-property data a re  known only numerically, a l e a s t  squares 
f i t  can be used t o  determine the  parameters ( t h e  coeff ic ients  i n  the  
third-degree polynomials). 
t o  pass through four  selected points (one point being (1, 1) ) . 
involves the  simultaneous solutions of three l i n e a r  algebraic equations. 
Another method i s  t o  force each polynomial 
This 
If the gas properties are known analytically, it may be desirable 
to expand them into Taylor series to the third order about (1, 1). 
This will determine the first two coefficients in each polynomial. The 
third coefficient can be determined if the third-order Taylor coeffi- 
cient is adjusted to give the best fit to the data (truncating the 
Taylor series). 
parameters, the polynomials obtained should be plotted to compare with 
the data they are supposed to represent. Up to flight Mach number 
values of about 5 in the earth's atmosphere, the gas properties can be 
very well represented by third-degree polynomials. 
around 10, the representation can be considered to be fairly good. 
Some examples of this are given in chapter 7. 
Whichever method is used to determine the gas-property 
At Mach numbers 
The values of the gas-property parameters listed in equations (5.2) 
and used in obtaining the results shown in tables 5-1 and 5-2 have been 
given signs which correspond to realistic gas properties. It is pos- 
sible to use a coefficient with a sign opposite to the signs listed in 
equations(5.2)to pass a polynomial through a discrete number of points, 
but this is not desirable (and probably would not give the best repre- 
sentation of the gas properties). 
another polynomial by a different choice of points. In table E-1  are 
listed the allowable ranges of all the gas-property parameters (which 
depend on the value of The use of parameter values outside of 
the allowable range (on either end) should only be permissible when the 
highest-order term involving the parameter is small relative to the 
other terms in the series for G and F. 
It is preferable to determine 
hwo). 
As has been indicated above, there are several reasonable ways of 
fitting polynomials to the gas properties and they can result in some- 
what different combinations of coefficients in the polynomials. The 
question arises as to what effects the use of different polynomials can 
have on the final answers. This is discussed in appendix D. 
The results in appendix D show that our calculated answers are not 
very sensitive to the shapes of the gas-property polynomials used. 
Also the answers are not much affected by small errors in the wall 
values of the several gas properties. The matching of the gas 
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properties by polynomials will normally be much closer than the spread 
of the polynomials imposed in appendix D. The results in appendix D 
indicate that any errors in final answers due to imperfect representa- 
tion of gas properties should not be more than a few percent. Equa- 
tions (5.3), (5.4), (5 .5) ,  (5.6) have large terms which are ind-ependent 
of the gas properties. Also, the sensitivity of final answers to the 
polynomials selec'ted falls to zero as hwo approaches unity. 
F. APPROXIMATE EXTENSION OF THE SEEIES SOLUTION 
TO HIGHER ORDERS 
The method we have used to form our series-type solutions as given 
in equations (5.3) and (5.4) can be extended to higher orders of 
(hwo - 1) if desired. 
be represented by polynomials of higher than third degree, and this 
would provide better representation of the gas properties at high free- 
stream Mach numbers. 
Such solutions would allow the gas properties to 
It is possible to obtain approximations to the higher-order terms 
without solving new equations for higher-order universal functions. It 
is seen in figure 2 that the universal functions which are connected 
with the same type of parameter (mi, gi, 6i 
approximately the same shapes. As an example we can see in figure 2 
that the curves for ,F1', 1F2', 4F2', 9F3' (which are connected 
with the parameters 
roughly the same shape; similarly, the curves for 
,F6' (connected respectively with parameters glg2, g,g,, g2g3, g,g,g3) 
have about the same shapes (in some cases with the sign reversed); this 
type of approximation for the other functions shown in figure 2 is seen 
to be fairly consistent. So if, for instance, we wanted to approximate 
a new function 
that it would have the same shape as 
take 
and combinations) have 
2 3 g,, gl , g, , g,, g, respectively) all have 
5F3', 1F4', ,Fg', 
aF4 (connected with the parameter g4), we would guess 
gF3 (parameter g,), and we would 
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where C i s  a constant t o  be determined by matching the  w a l l  value of 
F"(0) f o r  a selected value of g4 (and 
obtained f r o m  exact solutions t o  equations (4.3) and (4 .4) .  
just t he  method t h a t  we used i n  truncating the  highest-order terms f o r  
which we determined the  universal  functions. The author checked t h i s  
type of approximation f o r  a nwnber of cases. 
parameter values m3 = -4.5, awo = 00, the  other parameters equal t o  
zero, and hwo assumed the  three values shown i n  t ab le  5-1. I n  the  
approximation, =G4 (parameter m3) w a s  taken as 
hwo) against  t he  w a l l  value 
This i s  
A n  example case used the  
(7G3 has the parameter %). Values of G f o r  this  case were deter-  
mined f r o m  the  approximate 1 G 4 ,  and the  exact 1 G 4 ,  and were p lo t ted  
against  q through the  boundary layer .  Differences i n  the  p lo ts  i n  
t h i s  and i n  other cases checked were scarcely discernible .  The w a l l  
der ivat ives ,  of course, were exactly matched. 
The approximate method outlined f o r  extending the  se r i e s  solutions 
t o  higher orders may occasionally be of value when it appears t ha t  
higher-order polynomials a re  needed t o  f i t  the  gas propert ies .  However, 
an indef in i te  extension of t h i s  kind would seem generally not t o  be 
warranted i n  order t o  obtain a good polynomial f i t  t o  the  gas properties 
a t  high free-stream Mach numbers (say 10 and above), since our method 
of s e r i e s  solutions does not account f o r  time-dependent chemical 
e f f ec t s ,  and these assume increased importance a t  t he  higher free-stream 
Mach numbers. 
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INVERSE TRANSFORMATIONS AND DETERMINATION OF 
QUANTITIES OF INTE8EST 
I n  chapter 2, we transformed the  boundary-layer equations from an 
x,y t o  a 5,q coordinate system f o r  t he  misymmetric case. I n  chap- 
t e r  3 we obtained the  stagnation-point equations (3.12), (3.1-3), and 
i n  chapter 4 we rewrote these equations i n  the  form (4.3) ,  (4 .4) .  
These equations a re  va l id  i n  the  immediate v i c i n i t y  of t he  stagnation 
point since F and G a re  the zero order of  t h e  f and h expansions 
(3.2) and (3.3) ,  t he  f i rs t  terms neglected being of order 
t h i s  chapter we w i l l  special ize  the  coordinate transformations (2.39) 
and (2.40) t o  the  v i c in i ty  of the  stagnation poLnt. 
invert  the  special ized transformations, since i n  many problems one w i l l  
want t o  recover the  physical coordinates. 
physical quant i t ies  and coeff ic ients  which are normally defined and 
m i t t e n  i n  terms of  untransformed var iables .  
terms of q and the  dependent var iables ,  F,G. 
E2. In  
Then we w i l l  
Also, there  a re  ce r t a in  
These w i l l  be s e t  up i n  
A. INVERSE TRANSFORMATIONS 
1. Transformation f o r  x 
In  t h e  v i c in i ty  of the  stagnation point we have 
r ( x )  IJ x 
We subs t i tu te  the  values in to  equation (2.39), integrate ,  and obtain 
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Using equation (3.4) we  can write 
Then for the  inverse 
the  stagnation point 
transformation f r o m  5 t o  x i n  the v i c in i ty  of  
we have the following forms: 
The relat ionship between (due/aX)(,=,) and a1 cam be obtained by 
equating the  second and t h i r d  bracketed quant i t ies  i n  (6 .3) .  
(6 .4)  
By equating the  f i r s t  and t h i r d  bracketed quant i t ies  i n  equation (6.3) 
and by using (6.4)  we can obtain the following addi t ional  re la t ions  
between ( due/&) (x=o) and al: 
L J 
These relat ionships  w i l l  be usefu l  i n  the  work t o  follow. 
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2. Transformation f o r  y 
We can special ize  equation (2.40) f o r  t h e  v i c in i ty  of the  
stagnation point by using (6.1) and we obtain 
(6.7) 
The f i r s t  term neglected i n  equation (6.7) i s  i n  x2. 
W e  can eas i ly  invert  equation (6.7) t o  obtain 
The denominator i n  the  t h i r d  term of equation (6.8) was  obtained from 
the  f i r s t  term of (6.5).  
a f t e r  the  p r o f i l e  of 
been machine programmed t o  be calculated a t  the  same time the G 
p ro f i l e  i s  obtained. Equation (6.8) i s  the  general working formula 
f o r  the  transformation from 7 back t o  y. Two special  cases w i l l  
be described next. 
Equation (6.8) can be integrated numerically 
G ( 7 )  has been determined. This in tegra l  has 
3. Determination of y f o r  Almost Perfect and 
Perfect Gases 
We w i l l  define an almost perfect  gas as one having a l i nea r  
re la t ionship between the  reciprocal  of t he  dimensionless density, 6( G )  , 
and the  dimensionless enthalpy, G, over t he  range of i n t e re s t .  This 
means tha t  62 = S3 = 0 and 
For perfect  gases (thermally and ca lor ica l ly  per fec t ) ,  61 = 1 and we 
have 
6p = G (6.10) 
For the  almost per fec t  gas case, t he  in t eg ra l  i n  equation (6.8) 
be comes 
(6.11) 
We can subs t i tu te  f o r  G i n  equation (6.11) i t s  se r i e s  expansion fo rm 
(eq. ( 5 . 3 ) ) .  
sa l  functions,  i G j .  
equation ( 5 . l ) ,  tabulated i n  t ab le  I, and shom plo t ted  i n  f igure  3. 
Then we w i l l  have a summation of in tegra ls  of the  univer- 
These are our universal  in tegra ls ,  iIj, defined i n  
We now special ize  equation (6.8) f o r  the  calculat ion of y ( i n  the  
v i c in i ty  of t he  stagnation point)  f o r  almost perfect  gases as follows: 
YAF 
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For t he  per fec t  gas case we calculate  yp by inser t ing  = 1 i n  
equation (6.12) which i s  a working formla t h a t  can be used i n  place of 
equation (6.8) f o r  the  transfor,mation from 7 back t o  y f o r  almost 
perfect  and per fec t  gases. 
grammed with the  iIj inputs taken from the  permanent binary tape.  For 
hand computations the  constants i n  the  equation can be rounded o f f  (see 
ch. 5, sect .  D ) .  Equation (6.12) contains t e r m s  corresponding t o  equa- 
t i o n  (5 .3 )  (except f o r  terms with or 83 which are zero) .  Selected 
parameter values can make some of the  terms e i t h e r  zero or negl igibly 
small; approximate values can of ten be hand calculated using only t w o  
terms. Except f o r  the  f i r s t  term, the  sum of the  terms on the  r igh t  
s ide of equation (6.12) usual ly  reaches i t s  asymptote a t  a s m a l l  
value. 
(6.12).  The establishment of l i n e a r i t y  between y and q means t h a t  t he  
sum of terms mentioned has reached i t s  asymptote, and compressibil i ty 
does not then a f f ec t  t he  y,q relat ionship.  
This equation has a l so  been machine pro- 
7 
In  f igure  8(a) a re  shown curves obtained by solving equation 
B. PROFILES OF pv, p, AND v NEAR THE STAGNATION POINT 
We have a general formula f o r  the  pv p r o f i l e  (eq. (2 .18) )  i n  the  
variables T and 7 .  For the  axisymmetric case, we subs t i tu te  E = 1 
and T = e 4  i n to  equation (2.18) and obtain 
From equation (2.40) we know tha t  q i s  even i n  x and qx = 0 a t  the  
stagnation point .  
t i o n  point using r - x, U e  % (du,/aX)(x=o)x, and equations (6 .3)  and 
(6 .6 ) .  We obtain 
We special ize  (6.13) t o  t he  v i c in i ty  of the  stagna- 
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Equation (6.14) i s  va l id  i n  the  v i c in i ty  of t h e  stagnation point, the 
f i rs t  term neglected being a term i n  E2. 
For the  density p r o f i l e  we re turn t o  the  def in i t ion  of 
(eq. (2.24a)) specialized t o  the stagnation point 
6 
pso (6 .15)  
For almost perfect  gases we have from equation (6.9) :  
- pso - 
(1 - ?jl) + 61G 
(6.16) 
For perfect  gases we  s e t  61 = 1 i n  equation (6.16) and obtain pP. 
For the  transverse veloci ty  p ro f i l e  near t he  stagnation point we 
have f r o m  equation (6.15): 
( Pv) 6( G )  
pso 
v =  
Using equation (6.14) we can write (6.17) as 
-V 
The quantity, v, i s ,  of course, even in  5 ,  the  f i r s t  neglected term i n  
equation (6.18) being of order 
s t i t u t e  equation (6.9) i n to  (6.18) and have for t he  right-hand s ide of 
equation (6.18) : 
E2. For a lmos t  perfect  gases we sub- 
from which we calculate  v For perfect  gases we s e t  61 = 1 i n  AP' 
equation (6.19) and obtain v P' 
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C .  QUANTITIES AND COEFFICIENTS OF INTEBEST 
1. Displacement Thickness, 6* 
We write t h e  def in i t ion  of displacement thickness: 
In  the  variable,  q ,  we have: 
(6.20) 
(6.21) 
W e  now special ize  equation (6.21) t o  t h e  v i c i n i t y  of t he  stagnation 
point,  making use of equation (6.7) .  
A l s o  we change the  upper l i m i t  of integrat ion f r o m  point,  pe = 
i n f i n i t y  t o  A, where A i s  a value o f  7 at, o r  beyond, the  outer 
edge of t he  boundary layer, such t h a t  
accuracy desired.  We obtain: 
We r e c a l l  t h a t  a t  t he  stagnation 
pso-  
f7  = 1 and p = pe t o  within the  
From equation (6.8) we see t h a t  t he  f i r s t  t e r m  of equation (6.22) i s  
y(A), which i s  as it should be. The form of equation (6.22) i s  a sub- 
t r ac t ion  of  two quant i t ies  a f t e r  integrat ion of  the two terms i n  equa- 
t i o n  (6.20) .  
accurate as  t he  procedure of f i r s t  subtracting i n  (6.20) and then 
integrat ing.  
With accurate integrat ion rout ines  t h i s  should be as 
Analogous t o  our forms of equation (6.8) we write 
6* 
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Equation (6.23) i s  our general working formula f o r  6* i n  t he  v i c in i ty  
of the  stagnation point, t he  f i r s t  neglected term being a term i n  
This equation has been machine programmed using A = 10. For hand com- 
putations,  one obtains 
of  i F j  i n  t ab le  I. For the  in t eg ra l  term, one uses t ab le  I and equa- 
t i o n  (5 .3 )  t o  obtain the  G p ro f i l e ,  thence the 6 prof i le ;  the  in t e -  
gration can be performed by numerical means. 
k2. 
F(A) using equation (5.4)  and tabulated values 
As  i n  our determination of y, we can special ize  the calculat ion 
of ?5* f o r  t he  almost perfect  and perfect  gas cases (see eqs. (6 .9)  
and (6.10)). 
t i o n  (6.23) becomes 
For the  a l m o s t  perfect  gas case, the  r i g h t  s ide of equa- 
The in tegra l  on the r igh t  s ide of equation (6.24) i s  a summation of our 
iIj 
value, A = 10, and t he  
the  specialized formula f o r  the  a l m o s t  perfect  gas case 
in tegra ls  (5.1), using the form of equation ( 5 . 3 ) .  Using the  
i I j ( l .0 )  and i F j ( l 0 )  from tab le  I, we can wri te  
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= 0.8045506 + {[-0.062542936 - 0.01314843(ow0 - 0.75)]gl + E0.9672229 
- 0.57496903(owo - 0.75)161)(hwo - 1) + ([-0.29148217 - 0.09007333(ow0 
- 0.75) lm161 + [ -0.027311875 + 0-03347037(aw0 - 0.75)lgl~~ 
+ 0.12066138g~2 + [ -0.07742036 - 0.O455O~o8(~wo - 0.r[5)1612 
(hwo - 1)2 + [ -0.05836155 - 0.02286897(owO - 0.75) lg2) 
+ ( 0. 42222879m126 1 c 0. 01236733m16 1‘ + 0 .oo946378m1g16 1 + [ -0 40057177 
- 0.23221006(owo - 0.75)]m&, - 0.145O9049gl3 + 0.03O50273gl261 
- 0.00904079g1612 + 0.04702020613 + [0.07293180 + 0.02999028( owo 
- 0.75)]g,g2 - O.O0701285g,8~ + [ -0.07886198 - 0.O2546696(owO 
2 
+ ( [  -0.65220130 - 0.37522948(ow0 - 0.75) 1m3E1 (hwo - 1)3 - 0.75)lg,) 
+ [0.88748589 + 0.52213220(ow0 - 0.75) lmlm261 + [0.1206093$ 
+ { [ 1.68444624 (hwo - q4 + 0*04324791(owo - 0.75) ]el&) -24 
t- o.98524535(oW0 - 0.75) 
(hwo - 1)5 
+ [0.45202969 + 0.14630883(owO 
+ {[6.67832064 + 3.91820519(ow0 -0.75) lmzm361 - o.75)lg,g3) 120 
(hwo - 1)6 
720 
+ [ -1.32688310 - 0.4543961O(owO - 0.75)lglg,g3) 
+ ([ -31.28731960 - 18.55268985(awO - 0.75) Imlm2m3S1} (hwo - q7 
5040 (6.25) 
Equation (6.25) is the working formula for the determination, for the 
almost perfect gas case, of E* in the vicinity of the stagnation 
point. For the perfect gas case, 6p* is determined by setting 61=1 
in equation (6.25). This equation has also been machine programmed. 
For hand computations the constants in the equation can be rounded off 
(see ch. 5, sect D). As with equation (6.12), combinations of 
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parameter values can make some terms i n  equation (6.25) e i t h e r  zero or 
negligibly smaJLl ( f o r  hand calculat ions) .  I n  f igure  8 (  a)  a re  shown 
some typica l  values of 6" calculated from equation (6.25) (with a 
s l i gh t ly  d i f fe ren t  normalization). 
2. Coefficient of Local Skin Fr ic t ion  
To obtain the  coef f ic ien t  of l o c a l  skin f r i c t i o n  i n  terms of  our 
transformed variables,  we begin by writ ing the  shear equation 
We transform t o  k,q coordinates 
use of equation (2.21a) f o r  g(h; 
au 
ay 
P -  (6.26) 
using equation (2.40).  
Hst,P) and obtain 
We a lso  make 
where, according t o  our nomenclature, (pp ) ,  i s  (pp) evaluated a t  
Hst and a t  the  pressure of the  par t icu lar  I; s t a t ion .  A t  the  w a l l  
we have 
(6.28) 
We see tha t  T and Tw a re  odd i n  I;, having the  value zero a t  the 
stagnation point (obvious from symmetry). 
The coeff ic ient  of l o c a l  skin Prict ion i s  the w a l l  shear normalized 
We w i l l  f i r s t  normalize with the  dynamic pres- w i t h  a dynamic pressure.  
sure, 
the  boundary layer .  
%, obtained f r o m  the velocity and density a t  t h e  outer edge of 
Subst i tut ing equations (6.28) and (6.29) 
(6.30) 
i n  ( 6 . 3 0 ) ~  we obtain 
fqq ( E ,  0 1 (6.31.) 
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The coeff ic ient ,  Cfe, becomes i n f i n i t e  at the  stagnation point as 
l/I r; I .  x or 5 
zero.) 
and the  square root  of t he  l o c a l  Reynolds number. 
based on l o c a l  values a t  t h e  outer edge of t h e  boundary layer  i s  
( A t  t h i s  point the  l o c a l  Reynolds number based on 
The s ingular i ty  can be removed by taking the  product of 
i s  
Cfe  
The Reynolds number 
ue PeX 
R e  = -
IJ-e 
We see tha t  R e  i s  even i n  x or 5 .  W e  form the dimensionless quantity 
The product, Cfe  G, as wri t ten i s  even i n  
t i o n  we have 
E .  With some s implif ica-  
It i s  sometimes preferred t o  evalu-ate the  coef f ic ien t  of l oca l  
skin f r i c t i o n  i n  terms of a w a l l  property dynamic pressure as follows: 
1 2 s, - - PwUe 2 
Tw Cfw = - 
QW 
We subs t i tu te  equations (6.28) and (6.35) i n  (6.36) and o b t a i n  
(6.35) 
(6.36) 
Again, we w i l l  remove the  s ingular i ty  a t  t h e  stagnation point by 
multiplying 
e r t i e s  f o r  t h i s  case. 
Cfw by a loca l  Reynolds number, Rw, based on w a l l  prop- 
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Then we have 
W i t h  a s l i g h t  s implif icat ion 
f i r  C f W f i  = -
E2 
The product, CfWm, is, of 
we have 
course, even i n  6 or x. 
(6.40) 
We w i l l  now special ize  equations (6.34) and (6.40) f o r  t he  
v i c in i ty  of the stagnation point.  
we r e c a l l  t h a t  near t h e  stagnation point 
g(he) = g(1)  = 1. 
W e  make use of equation (6.1), and 
r 0 X, U e  2 (dUe/dX)(x=o)~, 
We obtain: 
Cfe f i  = 2 f i  ./gwo ~"(0) (6.41) 
CfW- = 24-? F"(0) (6.42) 
Equations (6.41) and (6.42),  va l id  i n  the  region of t he  stagnation 
point, a re  the zero orders i n  6 of the  expansions of equations (6.34) 
and (6.40), respectively; the  f i r s t  neglected terms a re  of order E 2 .  
3. Heat-Transfer Coefficients 
The r a t e  of heat t r ans fe r  per un i t  area by conduction in  the 
boundary layer  i n  the y direct ion,  Q, i s  given-by 
Using the  r e l a t ion  
dH = cp dT 
we have 
C6.44) 
W e  transform (6.45) t o  E,? coordinates using equation (2.40). We 
eliminate cp and k by the  r e l a t ion  u = cpp/k, and we i n s e r t  
m(h; Hst,P) as defined i n  equation ( 2 . 2 8 ) ,  so t h a t  we have 
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(6.46) 
i s  evaluated at H s t  and at the  pressure of the 5 
value of Q i s  pr inc ipa l ly  of i n t e r e s t  a t  the w a l l  
s ince there  it denotes the  rate of heat t r ans fe r  per  u n i t  a rea  of w a l l  
from the  w a l l  i n to  the  boundary layer.  
at the  w a l l ,  Qw, we  wri te  
For t h e  r a t e  of heat  t r ans fe r  
I n  equations (6.46) and (6.47) we axe maintaining an always pos i t ive  
value f o r  r SO we use lUel t o  keep the  sign of Q and Qw cons is t -  
ent.  A s  known from symmetry, Q and Qw a re  even i n  k. A pos i t ive  
sign f o r  
t he  boundary layer  and vice versa. As  writ ten,  Qw i s  a l o c a l  value 
per u n i t  area of w a l l .  
Qw means that heat i s  being t ransfer red  from the  w a l l  i n to  
A l o c a l  Nusselt number can be writ ten,  although it may not be 
pa r t i cu la r ly  usefu l  a t  other than the  stagnation point since the  
"history" of  t he  boundary layer  i s  involved i n  i t s  evaluation. 
define a l o c a l  Nusselt number based on w a l l  propert ies  as follows: 
We can 
where Haw i s  the  adiabatic w a l l  enthalpy and i s  a function of 5 .  
This i s  the  w a l l  enthalpy d is t r ibu t ion  which w i l l  render the  heat t r ans -  
fer, Qw, zero a t  a l l  6 being considered. With a smooth d i s t r ibu t ion  
of w a l l  enthalpies,  Hw(E) ,  t he  r a t i o  (&/(Hw - Haw),  w i l l  generally be 
posi t ive,  but w a l l  enthalpy d is t r ibu t ions  a re  possible tha t  w i l f  make 
this  r a t i o ,  and therefore  the  Nusselt number, negative and even i n f i -  
n i t e .  The absolute value, 1x1, has been used t o  make Nuw even i n  
x and 5 .  
We now subs t i tu te  equation (6.47) i n  (6.48) and, a f t e r  some 
simplification, we obtain: 
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where haw = Haw/Hst  and ps i s  evaluated a t  H s t  and at the  
pressure of t he  r; s t a t ion .  Nuw w i l l  vanish at 5 = 0, but  we can 
form an expression (which i s  even i n  
follows : 
6) that does not vanish as 
Using equation (6.49) we obtain, a f t e r  some s implif icat ion 
A l o c a l  Stanton number based on w a l l  propert ies  can be defined 
as follows: 
(Using luel m a k e s  Stw even i n  5 and x.) Using equation (6.48) we 
obtain the  standard relat ionship 
NUW 
Rw ow 
st, = - (6.53) 
When we subs t i tu te  equations (6.38) and (6.49) in to  (6.53) we  obtain 
a f t e r  some rearrangement 
where (p/o), i s  evaluated at H s t  and a t  the pressure of the  5 
s ta t ion .  A s  with the  coef f ic ien t  of l oca l  skin f r i c t i o n ,  t he  l o c a l  
Stanton number has an i n f i n i t y  as l/I 1 at the  stagnation point.  This 
can be removed by multiplying by the  square root of the  Reynolds 
number. From equation (6.53) we have 
This can be expressed i n  more d e t a i l  by using equation (6.51).  
The  l imi ta t ion  on usefulness of the  1oca lNusse l t  number a l so  
applies t o  the  l o c a l  Stanton number. I n f i n i t e  or negative Stanton 
numbers a re  possible with ce r t a in  d is t r ibu t ions  of  w a l l  enthalpy 
because of "h i s to r i ca l  effects .  ' I  
St,-, can be considered as a usefu l  coeff ic ient .  
A t  t h e  stagnation point, the  quantity, 
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We w i l l  now special ize  equations (6.47), (6.51), and (6.55) f o r  
the  v i c in i ty  of the  stagnation point .  
t he  stagnation point re la t ions ,  r = x and Ue = (dUe/dX)(x=o)~. 
obtain Gs, 
equation (6.6) .  For Gs, near the  stagnation point we have 
We w i l l  use  equation (6.1) and 
TO 
i n  several  forms we w i l l  a l so  use the  r e l a t ions  given i n  
(6.56) 
Equation (6.56) i s  the  zero-order term of the expansion i n  5 of equa- 
t i o n  (6.47), t he  f i r s t  neglected term being of order From the  
se r i e s  expansion f o r  G, equation ( 5 . 3 ) ,  we know t h a t  when the  wall 
enthalpy equals the  stagnation enthalpy (hwo = l), then 
G ' ( q )  
This means t h a t  a t  the stagnation point, t he  adiabat ic  wall  enthalpy i s  
equal t o  the  stagnation enthalpy, o r  t he  dimensionless adiabat ic  w a l l  
enthalpy, haw, i s  uni ty .  
t2. 
G ( q )  3 1 and 
0. Then, under these conditions, Qw = 0 i n  equation (6 .56) .  
Equations (6.51) and (6.55)  spec ia l ize  t o  
S tw& = G' (0) 
(1 - hwo)owo 
Equations (6.57) and (6.58) a re  va l id  i n  the  v i c i n i t y  of t he  stagnation 
point.  They are  the  zero-order t e r m s  of the  expansion i n  5 of equa- 
t ions  (6.51) and (6.55), respectively.  The f i r s t  neglected terms i n  
( 6 . 5 ~ ) ~  (6.58) are of order t2. Equations (6.57) and (6.58) are  not 
singular a t  hwo = 1, because, as seen f r o m  equation (5 .5) ,  the  f i rs t  
term i n  G' (0) i s  a term i n  (hwo - 1). 
I 
CHAPTER 7 
ILLUSTRATIVE APPLICATIONS O F  RESULTS 
I n  t h i s  chapter we w i l l  demonstrate the  use of t he  method we have 
developed. Two typ ica l  cases w i l l  be considered, one f o r  a perfect  gas 
and the  other f o r  a r e a l  gas. The method of procedure i s  e s sen t i a l ly  
the  same i n  both cases. 
. -  
A. A TYPICAL PEFPECT GAS 
Our procedure w i l l  be the  following. F i r s t  t he  gas-property poly- 
nomials w i l l  be determined. Next t he  calculated dimensionless veloci ty  
and enthalpy p ro f i l e s  ( i n  the  transformed coordinate, 7 )  w i l l  be com- 
pared with exact solutions.  F ina l ly  we w i l l  transform back t o  t he  y 
coordinate system and w i l l  determine p ro f i l e s  of dimensionless velocity, 
enthalpy, density, a normalized transverse velocity, and the  product of 
a normalized transverse- veloci ty  w i t h  density. We w i l l  a l s o  ca lcu la te  
sk in- f r ic t ion  and heat- t ransfer  coeff ic ients  and a normalized displace- 
ment thickness. 
. .  
1. Determination of Gas-Property Polynomials 
We w i l l  use f l i g h t  i n  the  ear th ' s  atmosphere f o r  our example. Up 
t o  free-stream Mach numbers of about 5, we can consider t h a t  the  ac tua l  
a i r  can be qui te  well approximated by a gas tha t  i s  thermally and ca lor -  
i c a l l y  per fec t .  Over the temperature range exis t ing i n  the  boundary 
layer  i n  f l i g h t  a t  a Mach number of 5, the  compressibility function of 
a i r ,  Z = P/pRT, i s  e s sen t i a l ly  uni ty  so t h a t  the  perfect  gas l a w  holds: 
P = pRT (ref.  10) .  Over t h i s  temperature range, the spec i f ic  heat, cp, 
does not change much, and we can consider it as having a constant aver- 
age value. Then we can wri te  
= G  
which gives the  polynomial coef f ic ien ts  (eq. ( 5 . 7 ~ ) ) :  
61 = 1 
82 = 83 = 0 
(7 - 2a) 
( 7 . m  
The v iscos i ty  can be wel l  represented by Sutherland's l a w  
( r e f .  IO). This can be wr i t ten  ( r e f .  11) as: 
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/ 
Since we are  considering the  spec i f ic  heat ,  cp, t o  have 
average value, we can write:  
T - - -  - - -  - h = G  H 
Tso H s t  
When we combine equations (7.1) and (7.4)  with (7.3) we 





A t  t h i s  point 
Tso. We w i l l  
we need t o  se lec t  a value f o r  the  stagnation temperature, 
use Tso = 2520' R which corresponds t o  f l i g h t  at Mach 5, 
a t  an a l t i t u d e  of about 28,000 f e e t .  (This a l t i t u d e  gives a stagnation 
pressure behind the  normal shock, Pt2 = 10.6 atmospheres, but  t h i s  does 
not enter  our calculations.  ) 
yields  
With these assumptions equation (7.5) 
* 
We can see t h a t  a subs tan t ia l  var ia t ion i n  Tso w i l l  produce only a 
s m a l l  change i n  equation (7.6) .  
Over t h e  temperature range we are  considering, the Prandtl  number, 
0, w i l l  change very l i t t l e  ( r e f .  10) .  
it t o  be constant. Then we have 
For t h i s  case we w i l l  consider 
So one polynomial w i l l  suf f ice  t o  represent both g(G) and m ( G ) .  
W e  now want t o  put equation (7.6) i n  the  form of the third-degree 
polynomial, equation (5.7b). In  chapter 5, sect ion E, we discussed 
several  methods of obtaining the  polynomial coef f ic ien ts .  In  t h i s  case 
we w i l l  determine the  coeff ic ients  by expanding equation (7.6) i n  a 
Taylor s e r i e s  about t he  point, G = 1. This w i l l  determine g, and g,. 
The coeff ic ient ,  g,, w i l l  be determined by forcing the  polynomial t o  
equal the  exact value of g a t  G = 0.1. The coeff ic ients  we obtain 
a re  
g, = ml = -0.4269 
g2 = m2 = 0.5415 
g, = m3 = -2.5047 
(7 .84  
( 7 . W  
( 7 . 8 4  
Our polynomial i s  
(7.9) 
In  f igure  6 we have p lo t ted  the  Sutherland function, equation (7.6), 
and the polynomial (7 .9) .  
t o r y  (pa r t i cu la r ly  i n  view of the demonstration i n  appendix D, showing 
tha t  f i n a l  answers a re  not very sens i t ive  t o  the  shape of the  gas prop- 
e r t y  curves).  
values of  hwo, and, c lear ly ,  the  best  polynomial representation would 
The comparison i s  considered qui te  s a t i s f ac -  











Sutherland l a w  (eq. 7.6) 
- - -  Polynomial representation (eq. 7.9) 
t- 
I I I I I I I I 
.I .2 .3 .4 .5 .6 .7 .8 .9 I .o 
G 
Figure 6 . -  Variation of g = p p / ( ~ p ) ~ ~  and m = ( P P / ~ ) / ( D P / ~ ) ~ ~  with G -  
Perfect  gas: cp, G constant; Tso = 2,520° R. 
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be a s l i g h t l y  d i f f e ren t  polynomial f o r  each hwo value. We w i l l  not 
seek t h i s  addi t ional  accuracy, but w i l l  use polynomial (7.9) f o r  a l l  
values of hwo. 
Since we have assumed a constant Prandtl  number f o r  t h i s  case, t he  
w a l l  Prandtl  number, avo, w i l l  be the  Prandtl  number through the  bound- 
a ry  layer .  
and 0.75, as the  comparison i s  of some i n t e r e s t .  
Prandtl  number f o r  l o w  temperature a i r  as approximately 0.70, although 
0.75 i s  a l so  found i n  the  l i t e r a t u r e  ( r e f .  10) .  
cswo = 0.70 i s  t h e  more r e a l i s t i c  value f o r  air .  
We have made our calculations f o r  two values of ow,, 0.70 
Most wri ters  give the  
It i s  believed t h a t  
2. Comparison of Calculated Results With EXact Solutions 
Our calculat ions of dimensionless enthalpy and veloci ty  as func- 
t ions  of t he  transformed variable,  7 ,  w i l l  include cases with 
values of 0.1, 0.2, 0.4, 0.6, 0.8, and 1 .0 .  For the  pa r t i cu la r  f l i g h t  
conditions we  have assumed, some of t he  hwo a re  too low and some are  
too high t o  be considered prac t ica l .  
t o  i l l u s t r a t e  t he  method and t o  show trends.  
hwo 
They have been included merely 
Our next s tep  i s  t o  compare our calculated solutions with exact 
solutions.  I n  obtaining exact solutions,  we  have solved equations 
(3.12), (3.13). ( W e  r e c a l l  t h a t  fo  f F and h, G i n  our nomencla- 
t u re . )  For 6 ( G )  we have used equation ( 7 . l ) ,  and f o r  m(G)  and g ( G )  
we have used (7.6) and (7.7).  So, f o r  t he  exact solutions,  the poly- 
nomial forms of t h e  gas propert ies  were not used; the  or ig ina l  ana ly t i -  
c a l  forms f o r  t he  gas propert ies  were subs t i tu ted  d i r ec t ly  in to  equa- 
t ions  (3.12) and (3.13). 
Calculated solutions were obtained from equations (5.3),  (5.4), 
with values of G and F' determined a t  a number of points  through the  
boundary layer .  awo 
values used. This comparison i s  considered t o  be very sa t i s fac tory .  
A t  the  lowest values of hwo, there  i s  a s m a l l  discrepancy between 
exact and calculated values of F' i n  t he  outer portion of the  bound- 
ary layer  mainly because of  the discarding of terms of l e s se r  impor- 
tance from the  se r i e s  solution (see f i g .  1). 
r e su l t s  match bes t  near the  w a l l ,  because the  constants used i n  
The comparisons a re  shown i n  f igure  7 f o r  both 

















- Exact P 
(a) Dimensionless enthalpy B 
I uwo = m = 0.70 
A Calculated F' 
- Exact 
(b) Dimensionless velocity 
uw0 = u = 0.70 
I 2 3 4 
Figure 7 . -  Comparison of exact and calculated solut ions.  Perfect  gas: 

















0 Calculated G 
8” - E X O C ~  (c) Dimensionless enthalpy 
a,, = 0- = 0.75 
~ I -  I -  1- - I  ‘
ir 
P 
6’ Exaci - (d) Dimensionless velocity a,, = Q = 0.75 
Figure 7 .  - Concluded. 
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\ 
truncating the  se r i e s  solutions were determined by matching calculated 
w a l l  values with w a l l  values f r o m  a number of exact solutions ( tab les  
5-1 and 5-2). 
at  t h i s  hwo value, the  exact and calculated solutions are  ident ica l .  
For a comparison of  w a l l  derivative values, G ' ( 0 )  and F"(O), equa- 
t ions  (5.5) and (5.6) were used f o r  t he  calculated values. This com- 
parison i s  shown i n  t ab le  7-1. Again, the check i s  considered t o  be 
very sa t i s fac tory .  
Curves f o r  the case with hwo = 1 are shown i n  f igure  7; 
TABLE 





















7-1.- COWARISON OF EXACT AND CALCULATED WALL 
DERIVATIVES FOR PERFECT GAS 
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3. Calculated Coefficients and Prof i les  i n  Physical Coordinates 
I n  f igure  8 are  p lo t ted  a number of calculated quant i t ies  as func- 
t ions  of a normalized y f o r  ow0 = 0.70. The corresponding curves 
f o r  awo = 0.75 are  not shown as they are  not discernibly d i f fe ren t  
from those of f igure  8. 
machine -programmed solutions using the  permanent binary tape f o r  the 
input of the universal  functions. 
The calculated values were obtained f r o m  
Figure 8(a) shows the  transformation f r o m  rj t o  y. This w a s  
obtained from equation (6.12), but  equation (6.8) could have been used 
instead. Both equations show t h a t  there  a re  several  ways of normaliz- 
ing y in to  a dimensionless form. The form using al w a s  not used 
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because a1 i s  a function of gwo (eq. (6 .5) ) ,  and h0 depends on 
hwo. The normalization used f o r  y i n  the  f igu re  i s  s l i g h t l y  d i f f e ren t  
from a form shown i n  equation (6.12) i n  t h a t  & 
t h e  r igh t  s ide of equation (6.12). 
ison f o r  d i f fe ren t  hwo values when we assume a given flow and body 
shape with d i f f e ren t  hwo values applied. For a given flow, pso and 
pso 
displacement- thickness interact ion,  the  quantity (due/&) (x=o) w i l l  be 
the  same. 
has been moved t o  
This allows a more universal  compar- 
do not change with hwo, and f o r  a given body shape, neglecting 
The curve, y (q) ,  f o r  hwo = 1.0 i s  e n t i r e l y  l inear ,  there  being no 
compressibil i ty e f f ec t s  (see eqs. (2.40), (6 .12) ) .  The other curves 
become l i n e a r  a t  ra ther  small q and normalized y values, showing 
tha t  compressibil i ty e f f ec t s  a re  v i r t u a l l y  confined t o  the  inner port ion 
of the  boundary layer  (see f i g s .  7(a ,b) ,  8 ( b , c ) ) .  
shown normalized values of the  displacement thickness, 8*, the  normali- 
zation being the  same as t h a t  used f o r  y. The displacement thickness, 
E*, was obtained from equation (6.25) but  could also be obtained from 
On f igure  8(a) are 
equation (6.23). 
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Figure 8 . -  Calculated p ro f i l e s  f o r  a per fec t  gas with awo = 
& = 5.0; a l t i t ude  = 28,000 f t ;  Tso = 2,520' R.  

















O 0 0 0 0 0 
Y 
v 2pso (2) x =o 
Figure 8. - Continued. 
1 (c) Dimensionless velocity 






















I ,g! * Q  
0 
I 2 3 4 5 6 7 8 9 
Y 
Figure 8 .  
100 
. . .. 
dzo 
- Continued. 
I O  - h w o = 0 1  
8 -  
( f )  Dimensionless density 
6 -  
P - 
PSO 
4 -  
2 -  
10 
I 
0 0 0 0 0 0 I 2 3 4 0 
Y 
I 
Figure 8. - Concluded. 
The remaining pa r t s  of f igure  8 are  p lo t ted  on a normalized y 
I n  bas i s  ( t he  physical coordinate) t o  show the  trends of the  data. 
f igures  8(b)  and ( e ) ,  respectively,  the  dimensionless enthalpy, G, and 
dimensionless velocity,  F' , are  p lo t ted  against  t he  normalized y. 
I n  f igure  8(d)  we have p lo t ted  a normalized -pv against  t he  nor- 
malized y .  The quantity, -pv, w a s  obtained f r o m  equation (6.14) .  The 
case with the  grea tes t  compressibility e f fec ts ,  hwo = 0.1, has a curve 
tha t  i s  e s sen t i a l ly  l i nea r .  All ol the  '2Ucrves become l inea r  a t  ra ther  
s m a l l  values of the  normalized y. 
form of the  negative of the transverse velocity,  -v, p lo t t ed  against  
t he  normalized y. The transverse veloci ty  w a s  obtained from equation 
(6.18) using (6.19). 
normalized y values, t he  case with hwo = 0.1 departing the  least 
from l i n e a r i t y  near t he  w a l l .  
dimensionless density, p/pso, against  t he  normalized y. The density 
w a s  obtained from equation (6.16) but  could a l so  be obtained from (6.15). 
This f igure  corresponds somewhat t o  f igure  8(a) and shows t h a t  any major 
change i n  density occurs i n  the  iinmediate v i c in i ty  of t he  w a l l .  
I n  f igure  8 (e )  we  have a normalized 
These curves become es sen t i a l ly  l i nea r  a t  sma l l  
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Figure 9 . -  Skin-fr ic t ion and heat-transfer parameters vs.  dimensionless w a l l  enthalpy, hwo. 
Perfect gas: 
Mm = 9.57; a l t i t u d e  = 108,000 f t ;  Hst = 2,000 Btu/lb; P 
M m =  5.0; a l t i t u d e  = 28,000 ft; Tso = 2,520' R .  Real gas: U, = 9,750 f t /sec;  
= 1 a t m ;  T,, = 5,740, R. 
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I n  f igure  9 f o r  both awo values, a l l  the quant i t ies  C r e e ,  
C f w m ,  Nuw/-, and S t w  are  p lo t ted  against  hwo. The quan- 
t i t i e s  p lo t ted  were obtained from equations (6.41), (6.42), (6.5~)~ 
and (6.58), respectively.  (Curves f o r  a r e a l  gas discussed i n  sec- 
t i o n  B, below, a r e  a l so  included i n  t h i s  f i gu re . )  A s  one might expect, 
the  p lo t s  show t h a t  t he  value of t h e  Prandtl  number (owe = a = constant 
f o r  these per fec t  gas cases) has only a very s m a l l  e f f ec t  on the  coef- 
f i c i e n t  of l o c a l  skin f r i c t i o n .  The e f f e c t  on heat t ransfer  i s  small 
but noticeable.  The N u w / !  curves i n  f igu re  9 are  compared w i t h  
several  values of t h i s  quantity obtained from reference 12. 
By examining a number of numerical solutions,  Fay and Riddell  
( r e f .  12 )  developed several  correlat ion formulas f o r  stagnation-point 
heat t r ans fe r  a t  t he  wall .  Their numerical solutions used a constant 
Prandtl  number, a = 0.71, and several  constant Lewis numbers. For the 
equilibrium boundary layer  (and considered va l id  f o r  the "frozen" bound- 
ary layer  with a ca t a ly t i c  wal l )  with Lewis number, Le = 1, the correla-  
t i o n  formula (eq. (58) of r e f .  12) is, i n  our nomenclature, 
Points calculated by the  Fay and Riddell  formula a re  shown i n  f igure  9. 
It i s  seen t h a t  t h e i r  values € a l l  between ours f o r  a = 0.70 and 0.75, 
i n  extremely close agreement. It i s  of i n t e re s t  t h a t  the  Fay and 
Riddell  formula contains only one parameter, gwo (which i s  equal t o  
mwo f o r  a constant a ) .  This terds  t o  confirm our conclusion i n  
appendix D t h a t  between f a i r l y  wide l i m i t s  the  shapes of the  gas prop- 
e r t y  curves do not grea t ly  a f fec t  the  w a l l  values of the  heat t ransfer  
and t he  skin f r i c t i o n .  
The curves p lo t ted  i n  f igures  7, 8, and 9 a re  not universal  
because the f l i g h t  conditions were specif ied.  However, a moderate var i -  
a t ion  i n  f l i g h t  conditions w i l l  produce only small changes i n  the f i n a l  
answers. 
a l t i t u d e  determine the  stagnation temperature and enthalpy. The s tag-  
nation temperature determines the  constant i n  the  Sutherland viscosi ty  
l a w  (7.3),  and t h i s  w i l l  have some e f f ec t  on the values of m i  and gi, 
The free-stream Mach number (or veloci ty  of f l i g h t )  and the  
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but for moderate changes in T s o  this effect will not be severe. For 
small variations from the specified value of Tso, the results shown in 
figures 7 through 9 can be considered good approximate answers. In dis- 
cussing a small variation in Tso, we are assuming that the gas is 
thermally and calorically perfect and that the Sutherland viscosity law 
still holds. 
Our method of calculation seems best adapted to the type of 
perfect gas case we have been discussing. 
effects are not important, and with third-degree polynomials, we can 
obtain good fits to the gas-property curves. 
With this type, chemical 
B. A TYPICAL REAL GAS 
In this section we will carry through the calculations for a more 
severe case than the one we discussed in section A. Our polynomials 
will not give ideal fits to the gas-property curves, but a comparison 
with exact solutions will indicate that our calculated solutions fur- 
nish a reasonable approximation to the exact answers. 
As our example, we will consider a vehicle flying in the earth's 
atmosphere with a velocity of 9,750 ft/sec at an altitude of approxi- 
mately 108,000 ft. This corresponds to a free-stream Mach number, %, 
of 9.57 (using the ARDC atmosphere). The stagnation enthalpy, Hst, is 
2,000 Btu/lb and the stagnation pressure behind the normal shock wave, 
Pt2, is 1 atmosphere. 
stagnation pressure of 1 atmosphere, the stagnation temperature is 
5,740' R (ref. 13). 
At a stagnation enthalpy of 2,000 Btu/lb and a 
1. Determination of Gas-Property Polynomials 
We will use the charts of reference 1-3 for air to obtain the 
temperatures corresponding to our range of dimensionless enthalpies of 
interest (G = ho = Ho/2000). In place of a formal equation of state, 
we obtain numerical values of the compressibility function, Z, (devia- 
tion from the perfect gas law) and thus obtain densities from refer- 
ence 13. We then have a numerical tabulatian of density as a function 
of the dimensionless enthalpy, G (not shown). 
cal tabulation of 6 ( G )  = pso/p against G (not shown). We will fit a 
polynomial to this. 
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We next obtain a numeri- 
Figure lO(a) shows a p lo t  of 6 ( G )  against  G and the  polynomial 
f i t  obtained. As  can be seen, t h i s  matching i s  very good. The param- 
e t e r  values are:  
= 0.6165 82 = -0.5536 83 = 0.6606 
These values were obtained by forcing the  polynomial t o  pass through 
two selected points ( i n  addition t o  (l,l)), and by attempting t o  match 
the  slope of  t he  curve a t  (1,l). 
calculat ing cases with various values of hwo. 
This polynomial w i l l  be used i n  
For the  gas property curve, g(G) = p p / ( p ~ ) ~ ~ ,  we already have numer- 
i c a l  values of p/p, and we use reference 10 t o  obtain p/pso. A s  
given i n  reference 10, it turns  out t h a t  the  Sutherland forrrmla can be 
used t o  give y ( T ) .  From th is  we obtain numerical values of p/pso(G), 
since we  already obtained a tabulated relat ionship between T and G from 
reference 13 (not shown). 
obtain 
f igure  10(b) the  function g(G) i s  shown p lo t ted .  Also shown are  p l o t s  
of three d i f fe ren t  polynomials which w i l l  be used f o r  d i f fe ren t  hwo 
cases. A t  the  lower values of hwo it i s  not po'ssible t o  get  an idea l  
fit  with a third-degree polynomial; a polynomial of higher degree would 
( I n  the per fec t  gas case we were able t o  
p/pso(G) direct ly ,  because we used a constant spec i f ic  heat . )  I n  
I I I I I 1 I I I I 




Figure 10. - Variation of gas properties.  Real gas: 















Values from refs. 10.13 
- - - -  g i = - 0 . 2 4 4 2  ; g 2 = O  ; g3=-7.674:(hw0=0.15)  
g;-0.2780 ; g 2 = O  ; g3=-6.774:(hwo=0.2)  
- - g,=-O.3333;  g 2 = 0 . 5 0 0 0  ; g 3 =  -2.886:(hw0=0.4;.6;.8;1.0) 
9 P 
* g =  I t g i ( G - I ) t 1 ( G - 1 ) 2 + ~ ( G - l ) 3  2 6 
1 
- 
Values from refs. IO, 13 
m ,  = m , = O  ; m3=-6.450:(hwo=0.15)  -- 
--- mi = m2 = 0 ; m 3 =  -5 .742:(hwo=0.2)  
m ,  :-0.0500 ; m 2 = 0  ; m3=-2.640: (hwo=0.4)  
m i = m 2 = m 3 = 0 : ( h w o = 0 . 6 )  
----- m , = - 0 . 3 0 0 0  ; m 2 = m 3 = O : ( h ~ o = 0 . 8 ; l . 0 )  hwo Qwo - -  
0.15 0.746 
.4 ,770 




* m =  I t m , ( G - I ) + 1 ( G - 1 ) 2 t ~ ( G - l ) 3  2 6 .2 .753 
I I I 1 . _ _  1 I I I 1 
.8 
G 
Figure 10. - Concluded. 
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I 
be needed. O u r  polynomials w i l l  be approximations t o  the  ac tua l  
function, g(G), bu t  we know from appendix D t h a t  f i n a l  answers are  
not highly sens i t ive  t o  the  shapes of the  gas property curves. For 
hwo = 0.15, which w i l l  be one of our cases, we have forced one poly- 
nomial t o  match the  ac tua l  function a t  the  points  G = 0.15 and 
G = 0.5, and the  t h i r d  coef f ic ien t  w a s  determined by requiring t h a t  t he  
shape of t he  polynomial reasonably approximate the  g(G) curve. For 
another case with hwo = 0.2, we have done the  same thing, t h i s  time 
requiring the  polynomial t o  match the ac tua l  function a t  G = 0.2. For 
cases with 
t h a t  we required t o  match the  ac tua l  function a t  
of t he  coeff ic ients  i n  the  polynomials a re  shown i n  f igure  10(b) .  
hwo L 0.4 we have obtained a good f i t  with a polynomial 
G = 0.4. The values 
In  determining t h e  gas property curve f o r  m(G) ,  we can use the  
r e l a t ion  a 
* 
Since we have evaluated g(G), we only need t o  determine aso/a. We 
obtain numerical values of 0 as a function of temperature from r e f e r -  
ence 10. We then tabulate  ( J~~ /C I  as a function of G (not shown), and 
obtain our tabulat ion of m(G) (not shown). This i s  p lo t ted  i n  f i g -  
ure 1O(c). 
the meaning of the  IS given i n  reference 10. 
Before proceeding fur ther  it i s  desirable  t h a t  we examine 
a. Use of  an "effect ive" Prandtl  number f o r  the  equilibrium 
~- ._ - 
boundary layer . -  The f l i g h t  case tha t  we have chosen i s  i n  the  regime 
where there  i s  some oxygen dissociat ion ( f i g .  6 of r e f .  1 0 ) .  We w i l l  
assume tha t  the a i r  i s  i n  equilibrium throughout t h e  boundary layer,  so  
that the  amount of dissociat ion i s  a function of  the  enthalpy (and pres- 
sure which has been taken as constant) .  
boundary layer  there  w i l l  be recombination of t he  dissociated oxygen 
atoms with a consequent l i be ra t ion  of energy dissociat ion.  For air  i n  
equilibrium, Hansen (ref.  10) has calculated a coef f ic ien t  of thermal 
conductivity which i s  ac tua l ly  the sum of t he  usual  conductivity coef- 
f i c i e n t  and a conductivity coeff ic ient  t h a t  accounts f o r  diffusion and 
the  heat  of recombination. 
In  the  colder portion of the 
Similarly, Hansen's spec i f i c  heat, cp, i s  a 
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spec i f ic  heat  t h a t  accounts 
s t i t u e n t s  with temperature. 
"effect ive Prandt 1 number, 
f o r  the  var ia t ion of concentration of con- 
So Hansen's Prandtl  number i s  ac tua l ly  an 
and we can wri te  
where the  subscript  eff  means t h a t  t h e  quant i ty  i s  evaluated as i n  
reference 10. This i s  t h e  Prandtl  number t h a t  we have used i n  evaluat-  
ing This determination of 
the  Prandtl  number a l lows  us t o  use our energy equation as is ,  and we 
account f o r  diffusion and recombination i n  the  equilibrium boundary 
layer .  
m ( G )  which we have p lo t ted  i n  f igure  10( c )  . 
The method of  lumping thermal conductivity coeff ic ients  w a s  
apparently f i r s t  proposed by Hirschfelder ( ref .  14)  and modified by 
Butler and Brokaw (ref.  15). The method i s  c l ea r ly  explained by Cohen 
( r e f .  16 ) .  It should, of course, be noted t h a t  t h e  Prandtl  number and 
the  coef f ic ien t  of thermal conductivity have not been given t h e i r  usual  
def in i t ions  by Hqsen.  Cohen ( r e f .  16) has termed Hansen' s def in i t ions  
"effective" values, which i s  probably good nomenclature. The usual  
def in i t ions  of Prandt l  number, spec i f ic  heat, and coef f ic ien t  of 
thermal conductivity a re  ca l led  "par t ia l"  values by Hansen. I n  t h e  
lower temperature regimes with negl igible  dissociation, t he  "effective" 
coef f ic ien ts  a re  iden t i ca l  with the  usual  (o r  "par t ia l"  values) .  
the  higher temperature regimes the  "effect ive" Prandtl  number has a 
greater  var ia t ion with temperature than the  usual  ( "par t ia l" )  Prandtl  
number ( f i g s .  10 and l l ( a )  of r e f .  10 ) .  A s  brought out i n  reference 16, 
t he  "effect ive" coef f ic ien t  of thermal conductivity, and thus the  e f fec-  
t i v e  Prandtl  number, contains the  Lewis number, Le, but there  i s  no 
need t o  determine t h i s  quantity. I n  t h i s  treatment there  i s  no assump- 
t i o n  as t o  constancy of the  Lewis number; it can be expected t o  vary 
through the boundary layer .  
In  
The curve of m(G) plo t ted  i n  f igu re  1O(c) i s  a gas property curve 
(The in f l ec t ion  t h a t  i s  d i f f i c u l t  t o  f i t  with a low-degree polynomial. 
i n  the  curve i s  due t o  dissociat ion of oxygen.) W e  w i l l  approximate 
t h i s  curve by f i v e  d i f fe ren t  polynomials f o r  t he  cases t h a t  we  want t o  
calculate .  The polynomial curves and the  values of the  coef f ic ien ts  
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used are  shown on the  f igure .  Each polynomial was forced t o  pass 
through the  exact curve at  the G value corresponding t o  the  hwo 
value f o r  which we w i l l  calculate  a case. None of the  polynomials give 
an idea l  f i t .  A t  t he  lower hwo values, 0.15 and 0.20, a polynomial 
of higher than t h i r d  degree would be needed f o r  an improved f i t .  A t  
the higher hwo values, 0.40, 0.60, and 0.80, an idea l  f i t  cannot be 
achieved because we have imposed a l imi ta t ion  on the signs of the coef- 
f i c i e n t s  (see t ab le  E-1 ) .  The approximate polynomial f i t s  should give 
sa t i s fac tory  answers, as we know tha t  f i n a l  answers are not pa r t i cu la r ly  
sens i t ive  t o  the  polynomial shape (appendix D ) .  
t i ve"  w a l l  Prandt l  number, awe, for t he  hwo cases we w i l l  ca lculate  
a re  shown tabulated i n  f igure  1O(c). 
r e f .  10)  f o r  t he  lower temperatures a re  s l i g h t l y  higher than values 
given i n  m o s t  of the  l i t e r a t u r e .  
Values of  the "effec- 
Some of  these values (from 
2. Comparison of Calculated Results W i t h  Exact Solutions 
A s  we did with the per fec t  gas, we w i l l  compare our calculated 
solutions f o r  dimensionless enthalpy and veloci ty  as functions of  7 
with exact solutions over a range of hwo values. The higher hwo 
values are  not p r a c t i c a l  cases, but they a re  included t o  show the  com- 
parisons and trends.  I n  the  per fec t  gas case we had ana ly t ica l  r e l a -  
t ions  f o r  the  gas propert ies ;  i n  t h i s  r e a l  gas case we do not have ana- 
l y t i c a l  re la t ions ,  but  we w i l l  use the  gas-property polynomials i n  fo rm-  
ing the  exact solutions.  This comparison between calculated and exact 
solutions w i l l  thus not involve the  qua l i ty  of t he  representation of the  
gas propert ies  by polynomials, since both the  exact and calculated solu- 
t ions  w i l l  use the  same polynomials. The equations used f o r  the  exact 
solutions a re  (4.3) and (4.4) with boundary conditions (4 .5) .  
culated solutions were obtained f r o m  equations (5.3) and (5 .4)  . 
The ca l -  
The comparison between calculated and exact solutions i s  presented 
i n  f igure  11. A s  w i t h  t h e  perfect  gas case, a t  t he  lower hwo values 
these i s  some discrepancy a t  the  outer edge of t he  boundary layer,  due 
t o  discarding of small tems from the  se r i e s  solution. On the  whole, 
t h i s  comparison i s  considered very sa t i s fac tory .  Calculated values of 
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Figure 11.- Comparison of exact and calculated solut ions.  
U, = 9,750 f t / sec ;  Ma= 9.57; a l t i t u d e  = 108,000 f t ;  HSt = 2,000 Btu/lb; 






(5.5) and (5.6). 
compared i n  t ab le  7-2. 
sa t i s fac tory .  
The calculated and the exact w a l l  der ivat ives  a re  
T h i s  comparison i s  a l s o  considered very 
TABLE 7-2. - COMPARISON OF ~ C T  AND CAJXULATED WALL 
DERIVATIVES FOR R W  GAS 
U, = 9,750 f t / sec ;  & = 9.57; a l t i t u d e  = 108,000 f t ;  




























































Calculated Coefficients and Prof i les  i n  Physical Coordinates 
I n  f igure  12 are  presented calculated r e s u l t s  f o r  the r e a l  gas i n  
The normalization of the  quant i t ies  a manner that  pa ra l l e l s  f i gu re  8. 
i s  the  same as used i n  the  perfect  gas case. All quant i t ies  were 
obtained from machine-programmed solutions using the  permanent binary 
tape t o  input the  universal  functions.  The normalized y was  obtained 
f rom equation (6.8). The normalization of t he  quantity, -pv, w a s  c a l -  
culated from equation (6.14); t he  density r a t io ,  p/pso, w a s  obtained 
f r o m  (6.15) ; the  normalization o f  the  negative transverse velocity,  -v, 
w a s  calculated from (6.18). 
are  qua l i ta t ive ly  s i m i l a r  t o  those of figure 8. 
show tha t  compressibil i ty e f f ec t s  a re  almost e n t i r e l y  confined t o  the  
portion of the  boundary layer  nearest  t he  w a l l .  
hwo = 1.0, there  a re  no compressibil i ty e f fec ts .  
For t h i s  r e a l  gas case, the  quant i t ies  
The trends of the data  shown i n  f igure  12 
Figures 12(a) and ( f )  
z 
For the  case with 
C f e  m, Cfw e,  NU^/@, 
and S t w &  have been p lo t ted  against  hwo i n  f igu re  9 (dotted curves} 
along with the same quant i t ies  f o r  t he  perfect  gas discussed i n  sec- 
t i o n  A, above. The p lo t ted  quant i t ies  were obtained, respectively,  from 
equations (6.41), (6.42), (6.57), (6.58). The Nusselt number and 
Stanton number curves f o r  t he  r e a l  gas exhibi t  small inf lec t ions  i n  the  
v i c in i ty  of t h e  higher hwo values. As seen i n  the  t ab le  i n  f igu re  
lO(c) ,  the  "effect ive" w a l l  Prandtl number, ow,, dips sharply a t  
hwo > 0.6. Also the  curve, m(G) ,  exhibi ts  a reverse curvature. These 
fac tors  can be expected t o  produce some e f f ec t s  on the  Nusselt and 
Stanton numbers i n  the  ac tua l  boundary layer .  Our polynomial curves 
do not accurately follow the  reverse curvature of  
cients,  ml, m2, m3, are affected by it. 
"exact" solutions i n  t h i s  case as wel l )  u t i l i z e  the  polynomials and the  
ow0 
s l i g h t  in f lec t ions  appear i n  the  calculated r e su l t s .  
how closely the  inf lec t ions  i n  the Nusselt and Stanton number curves 
would compare with r e su l t s  obtained f r o m  completely exact solutions 
which might be obtained by following the  
i c a l  methods. 
cases with high hwo values cannot be considered as "pract ical"  cases. 
m ( G ) ,  but t he  coef f i -  
Our calculated solutions (and 
values tabulated i n  f igure  lO(c), s o  it i s  not surpr is ing t h a t  
It i s  not known 
m(G)  curve closely by numer- 
This question i s  probably not important as the  r e a l  gas 
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Figure 12. - Calculated p ro f i l e s  fo r  r e a l  gas: U, = 9,750 f t /sec;  
M, = 9.57; a l t i t u d e  = 108,000 f t ;  H s t  = 2,000 Btu/lb; P t2  = 1 atm; 
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Figure 12. - Continued. 
I O  
.I ( f )  Dimensionless density 
0 0 0 0 0 I 2 3 4 
Y 
Figure 12. - Concluded. 
Comparison of the results of the real gas with the perfect gas 
plotted in figure 9 indicates that a variation in the gas properties 
does somewhat affect both the skin friction and the heat-transfer coef- 
ficients. The variation shown ranges f r o m  zero to about 15 percent. 
At the lower hwo values the percentage variations between the two 
cases in the local skin-friction coefficients and the local heat- 
transfer coefficients are of about the same order of magnitude. (An 
examination of figures 6 and 10 shows that the m(G), g(G), and 6(G) 
curves are substantially different both in wall values and shape between 
the two cases.) 
For the quantity Nuw/*, Fay and Riddell worked out a correla- 
tion formula for the equilibrium boundary layer to account for Lewis 
numbers, Le # 1, but constant (eq. 60 of ref. 12). 
taking the Lewis number, Le = 1.4 (an "average" value suggested by 
fig. ll(b) of ref. lo), this correction would increase the values of 
the Fay and Riddell points in figure 9 by about 3 percent. 
points have not been plotted on figure 9. 
on top of our perfect gas curve for 
In our example case, 
These 
They would fall practically 
o = 0.75, but are not too close to 
our r e a l  gas curve f o r  
t o  our allowing cs t o  vary and not taking a constant Le i n  our 
calculations.  
Nuw/&. Some of this difference may be due 
It should be pointed out again bhat our solut ion t o  t h i s  type of 
r e a l  gas case must be considered as approximate. We have seen t h a t  
we cannot obtain idea l  f i t s  t o  a l l  t h e  gas-property curves with t h i r d  
degree polynomials. Also our method, as s e t  up, does not take in to  
account f i n i t e  chemical recombination rates, but  i s  e s sen t i a l ly  
r e s t r i c t e d  t o  the equilibrium boundary layer .  A s  a fu r the r  approxi- 
mation, our calculations should f i r n i s h  reasonable answers f o r  w a l l  
heat- t ransfer  values f o r  a "frozen" boundary layer  with a ca t a ly t i c  
wall, but  t h e  p ro f i l e s  away from the  w a l l  w i l l  not be given with high 
accuracy ( r e f s .  6, 12 ) .  
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CHAPTER 8 
D I S C U S S I O N  A.ND CONCLUSIONS 
By a method of expansion i n  terms of a parameter, we have s e t  up 
n q e r i c a l  solutions of a general form t o  the  ax ia l ly  symmetric 
stagnation -point compressible laminar boundary -layer problem. The param- 
e t e r  of expansion that we have used i s  the  deviation of the  dimensionless 
w a l l  enthalpy from unity,  (hwo - 1). The gas propert ies  needed have been 
represented as third-degree polynomials i n  powers of the  deviation of t he  
dimensionlesg enthalpy from unity,  and the  coef f ic ien ts  of t he  polynomi- 
a l s  become parameters of t he  problem. The e f f ec t s  of a l l  parameters are 
obtained by expanding i n  terms of the  one parameter, (hwo - 1). 
expansions have been kept t o  a reasonable length by truncations i n  which 
the  highest-order term involving each parameter has been adjusted so t h a t  
calculated answers agree well  with the answers t o  exact solutions contain- 
ing the  various parameters. 
The 
The solutions have been obtained i n  terms of universal  functions.  
These have been p lo t t ed  ( f i g s .  2 and 3) ,  tabulated ( t ab le  I),  and s tored 
on a permanent binary tape.  The important working formulas t o  be used i n  
obtaining solutions from t h e  universal  functions have been machine pro- 
grammed; with machine calculations,  the  input t o  t he  formulas of the  un i -  
versa l  functions i s  obtained from a permanent binary tape.  However, an 
automatic computing machine i s  not necessary f o r  obtaining solutions;  the  
values of the  universal  functions given i n  tab le  I can he inser ted i n  the 
formulas for hand compuLatioiz:;. %?!!le of the  working formulas are  qui te  
lengthy; w i t h  machine calculat ions t h i s  makes l i t t l e  difference since 
these formulas have been programed. I n  making hand calculations,  one 
may have combinations of parameters t h a t  w i l l  render ce r t a in  terms i n  the  
formulas very s m a l l  or negligible,  and one may judiciously drop these 
small terms depending on the  accuracy desired.  
Solutions can be calculated f o r  any gas. For f l i g h t  i n  the  ea r th ' s  
atmosphere, the  method, as s e t  up, i s  bes t  sui ted t o  cases with moderate 
free-stream Mach numbers, say around & = 5. For these cases, the  gas- 
property h n c t i o n s  can be closely f i t  with third-degree polynoinials, and 




numbers, t he  solutions should be considered t o  be reasonable approxima- 
t ions .  
these cases, w i l l  not c losely follow the  shapes of t h e  gas-property 
curves, bu t  t h i s  does not have a la rge  e f f ec t  on the  f i n a l  answers. 
However, it i s  s t i l l  recommended generally t o  t r y  t o  obtain the  bes t  
polynomial f i t s  (see appendix D )  . 
The polynomial f i t s  t o  the  gas-property functions, i n  some of 
A t  t he  high Mach numbers, f i n i t e  chemical recombination rates w i l l  
be of increasing importance and t h e  method does not take these f i n i t e  
rates in to  account. 
i s  a consequence of the  way i n  which the  boundary-layer equations were 
or ig ina l ly  wr i t ten . )  
an "effective" Prandtl  number i s  used which i s  obtained from a lumped 
coef f ic ien t  of thermal conductivity t h a t  represents both conduction and 
diffusion ( ref .  10) .  These equilibrium gas calculat ions w i l l  a lso give 
approximate values f o r  heat t ransfer  a t  t he  w a l l  f o r  a "frozen" gas with 
a ca t a ly t i c  w a l l  (refs. 6 and 12) .  
(This i s  not inherent i n  the  method of solution, bu t  
The calculations a re  f o r  a gas i n  equilibrium when 
The method can be extended t o  higher orders, allowing the  use of 
gas-property polynomials of higher than third degree, but it may be 
doubted if t h i s  i s  worthwhile. Higher-order terms can be approximated 
as described i n  chapter 5, section F. 
Numerical solutions have been obtained only f o r  t h e  stagnation- 
point problem. 
of a transformed longitudinal variable t o  extend around a blunt  body 
(indicated i n  appendix A ) .  These equations can be solved i n  t e r m s  of 
universal  functions by the  method used f o r  t he  stagnation-point equa- 
t ions,  but  t h e  number of terms w i l l  be la rge .  
The boundary-layer equations can be expanded i n  powers 
Our method of calculat ion del ivers  t he  quant i t ies  of i n t e r e s t  f o r  
t he  stagnation-point p ro f i l e .  As  an important application, these quan- 
t i t i e s  can be used t o  form s t a r t i n g  p r o f i l e s  f o r  f in i te -d i f fe rence  
solutions extending around a blunt body. 
6 and 17) can a l so  be s t a r t e d  i n  t h i s  way. 
For convenient reference a l i s t i n g  of the  stagnation-region working 
Also l i s t e d  i n  t ab le  E - 1  
Approximate solutions ( r e f s .  
formulas i s  given i n  t ab le  E - 1  of appendix E. 
are the  parameter limits which were used for t he  series truncations.  The 
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se lec t ion  of parameter values should normally be held within the  l i m i t s  
indicated.  An as t e r i sk  symbol i n  t ab le  E-1  indicates formulas which 
have been machine programmed, with the  input of t he  universal  functions 
from the  permanent binary tape.* 
_ _  - - - -- -_  
*Available with computing program from Ames Research Center, NASA, 
Moffett Field,  C a l i f .  
APPENDIX A 
SERIES EXPANSION OF THE MOMENTUM AND ENERGY EQUATIONS I N  POWERS 
OF THE LONGITUDINAL VARIABLE 
As noted i n  chapter 3, t h e  momentum and energy equations (2.37) 
and (2.38) can be expanded i n  powers of t h e  transformed longitudinal 
variable,  5 .  This w i l l  produce pa i r s  of coupled ordinary d i f f e r e n t i a l  
equations i n  t h e  independent var iable ,  7 .  
problem we have observed tha t  only even powers of 
functions not ident ica l ly  zero. 
From t h e  symmetry of t he  
5 w i l l  give 
A. GENERAL FORM O F  EQUATIONS 
We can subs t i tu te  i n  equations (2.37) and (2.38) the  expansions of 
a l l  terms i n  powers of 5 ,  then separate out the  d i f fe ren t  powers of 5 ,  
and we have the  equations f o r  the  various orders. 
obtain the  zero -order equations (3.12) and (3.13) which are nonlinear. 
To obtain the  higher-order equations another procedure can be 
used. It can be recognizedtha t  expansions i n  powers of 5 a r e  equiv- 
a lent  t o  Taylor’s s e r i e s  i n  6 about E; = 0.  So, we a r e  able t o  take 
derivatives of the  momentum and energy equations (2.37) and (2.38) with 
respect t o  5 t o  variou-s orders, then s e t  6 = 0, and obtain t h e  pa i r s  
of coupled ordinary d i f f e r e n t i a l  equations fo r  t he  various orders.  
This i s  possibly more convenient than picking out powers of 5 .  
This was  done t o  
The higher-order terms i n  the  momentum and energy equations ( i n  
even powers of only) del iver  pa i r s  of coupled, l inear ,  ordinary d i f -  
f e r e n t i a l  equations. The l e f t  s ides  of t he  equations maintain the  same 
general form. 
equations become increasingly complicated as addi t ional  parameters 
affect ing the  solutions come in to  play. The r igh t  s ides  contain terms 
which a re  the  solutions of lower orders, s o  a l l  lower orders must be 
solved before solving a given order. 
With increasing orders of E i ,  t he  r igh t  s ides  of t he  
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The general  form of t h e  equations other than zero order i s  as 
follows : 
Momentum equations : 
R ight  s ide  containing paramet e r  s = c  and terms from lower orders 
Energy equations : 
\ 1 
+ [(l '+ $) ~ , , m w O h O ~  f i  
Right s ide  containing parameters 
and terms from lower orders 
The boundary conditions f o r  equations ( A l )  and ( A 2 )  a r e  as given 
i n  equation (3.11).  
universal." Their solut ions depend ult imately on t h e  solutions ( f o r  
fo  and ho) of t h e  zero-order equations, (3.12) and (3.13), which a r e  
nonlinear. The values of fo  and ho w i l l  depend on t h e  dimensionless 
w a l l  enthalpy as well  as on the  gas propert ies .  
These equations can be considered as "semi- 
It i s  seen i n  ( A l )  and 
12 1 
I 
(A2) tha t  
appear i n  t h e  coef f ic ien ts  on t h e  l e f t  s ides  of these general form 
equations. 
f, and ho. and t h e i r  derivatives and a l s o . t h e  gas properties 
B . SECOND-ORDER EQUATIONS 
A s  an i l l u s t r a t i o n  we can wri te  t h e  d i f f e r e n t i a l  equations derived 
from the  
Momentum equation: 
E 2  terms of t h e  momentum and energy equations. 
I 
Because of t h e i r  l i nea r i ty ,  one can indicate  t h e  solutions t o  
b3) and (Ab) i n  a s p l i t  form. 
h2 = (hw2) lh2 + 2h2 + (2)3h2 f ( O W 2 1  4h2 ( A 5 4  
The boundarry conditions from (3.11) a r e  as follows. 
A t  t h e  w a l l :  
i f2 (0)  = i fZ ' (0 )  = o i: 1, 2, 3, 4 (A% b )  
lh2(0) = 1 ih2(0)  = 0 i: 2, 3, 4 (A% 
A t  t h e  t r ans i t i on  t o  t h e  ex ter ior  flow: 
- 0  -. * e  
i f z ' (w)  = 0-. i: 1, 2, 3 ,  4 ( A 6 4  
2 h ~ ( w )  = -2 ih2(?) 2 0 i: 1, 3,64  (A6f,g) 
Boundary condition ( A 6 f )  comes f r o m t h e  r igh t  s ide  of ( 3 . l l d ) ,  where, 
i n  t h i s  case b2 = 2al 2 (see eq. (3 .7) ) .  
C. GAS PROPERTIES 
The r igh t  s ides  of (A3)  and (A4)  contain the  parameter aw2 
(eq. (3 .8) ) .  
number 
the  aw2 term. 
For most p rac t i ca l  problems, the  w a l l  value of the  Prandtl  
ow.  would be so near ly  corfstant t h a t  one would probably not need 
The r i g h t  s ides  of (A3)  and (A4) a l so  contain p a r t i a l  derivat5ves 
with respect t o  P of m, g, 6. These terms w i l l  usually be very 
small and, i n  most cases, can be dropped. P a r t i a l  der ivat ives  with 
respect t o  P a f f ec t  t h e  coef f ic ien ts  of t h e  polynomials (3.1).  We 
r e c a l l  t h a t  m, g, 6 a r e  dimensionless r a t i o s  of  gas propert ies  at 
d i f fe ren t  enthalpies but at t h e  same pressure. Over a considerable 
range, these r a t i o s  are not very sens i t ive  t o  t h e  pressure leve l .  For 
example, with a gas t h a t  i s  thermally and ca lor ica l ly  perfect ,  6(h) = h 
with no pressure dependence. If a gas closely approximates a perfect  
gas, t h e  Sutherland formula (containing no pressure term) can be used 
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. .  
t o  compute t h e  v iscos i ty  ( r e f .  10); then 
dependent. I n  t h i s  regime, t h e  Prandt l  number cr has l i t t l e  pressure 
dependence ( r e f .  lo), s o  m(h) w i l l  have very l i t t l e  pressure depend- 
ence. Concerning real  gases, t h e  writer checked p lo t s  fo r  air of my 
g, 6 
using unpublished data; and even i n t o  t h e  ionizat ion regime there  was 
l i t t l e  pressure dependence. 
p lo t s  t h a t  show t h i s  f o r  air, fo r  quant i t ies  t h a t  correspond t o  our 6 
and g. It i s  safe  t o  say tha t  f o r  an approximate analysis,  terms 
involving p a r t i a l  derivatives of m, g, 6 with respect t o  P can 
generally be dropped. 
g(h)  w i l l  not be pressure 
using data from references 10 and 13 and f o r  carbon dioxide 
I n  f igures  1 and 3 of reference 16 a re  
D. NOTE ON CONVERGESICE 
The expansions of f and h i n  powers of k, equations (3.2) and 
(3..3), can be considered t o  be va l id  regular  or nonsingular perturba- 
t i ons  around t h e  axis ,  = 0. The character of d i f f e r e n t i a l  equa- 
t ions  (2.37) and (2.38) i s  not changed with t h e  subs t i tu t ion  of t h e  
expansions i n  t h e  equations and with t h e  change from small E; t o  = 0. 
The momentun equation (2.37) i s  dominated by f terms and t h e  highest 
der ivat ive term i s  preserved as 5 approaches zero. The energy equa- 
t i o n  (2.38) i s  dominated by terms i n  h when E; i s  small. When 5 
becomes zero, t h e  highest der ivat ive t e r m  i n  h i s  preserved. Al so  no 
boundary conditions (2.41) a r e  l o s t  as 5 approaches zero. 
The expansions f o r  f and h, (3.2) and (3.3),  a re  analogous t o  the  
Howarth-Blasius expansion f o r  incompressible f l o w  ( r e f .  1) and are  qui te  
similar t o  expansions i n  powers of a t ransf  omed longi tudinal  coordinate, 
T ( i n  our nomenclature) f o r  compressible flow given i n  reference 7 .  
The expansions fo r  f and h a r e  v a l i d  only i n  t h e i r  region of 
convergence, of course. Schlichking ( r e f .  1, pp. 132, 137) does not 
question t h e  convergence of t h e  Blasius se r i e s .  It i s  apparent t h a t  
t h e  physical problem does not have s ingu la r i t i e s .  However, it i s  pos- 
s i b l e  t h a t  mathematical s ingu la r i t i e s  may ex i s t  i n  t h e  complex plane of 
E ; .  This has been pointed out by Van Dyke ( r e f .  4) i n  connection with a 
meridian-length longi tudinal  coordinate and with a paxabolic 
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longi tudinal  coordinate f o r  incompressible flow over a parabolic blunt 
body (or body of revolut ion) .  
OCCUTS somewhere on t h e  c i r c l e ,  IXml/a = 0.62, where 
meridian-length longitudinal coordinate and a i s  t h e  nose radius.  
When a parabolic longitudinal coordinate, xp, i s  used, a s ingular i ty  
appears t o  ex i s t  at 
Van Dyke has shown tha t  t h e  c i r c l e  of convergence can probably be 
enlarged t o  i n f i n i t y  by an Euler transformation t o  a new variable  
Van Dyke has indicated t h a t  a s ingular i ty  
X m  i s  t h e  
lxpl = 1 which corresponds t o  l%ml/a  = 1.15. 
xp2/(1 + xp2) .  
I n  t h e  l i g h t  of t h e  above discussion, it i s  thought possible t h a t  
OUT 5 may not be t h e  best  longi tudinal  coordinate from t h e  standpoint 
of convergence. I n  t h e  present work, a de ta i led  analysis with numeri- 
c a l  solutions i s  only being made f o r  t h e  stagnation-point (zero-order) 
equations. These a r e  not affected by an Euler transformation. If 
solutions t o  t h e  higher-order equations were t o  be obtained, considera- 
t i o n  should be given t o  t h e  possible advantage of t h e  Euler transforma- 
t i o n  of t h e  longi tudinal  var iable .  
On se t t i ng  up se r i e s  solutions t o  equations (2.37) and ( 2 . 3 8 ) ,  it 
i s  necessary t h a t  any i n f i n i t e  s e r i e s  representat ion of t he  gas prop- 
e r t i e s ,  such as would be indicated i n  equation (3.1) with i n f i n i t e  
upper l i m i t s ,  be convergent (and t h e  more rapidly t h e  b e t t e r ) .  
possible problem i s  avoided by using f i n i t e  polynomial representations 
of t h e  gas properties as given i n  equation (3 .1 ) .  
This 
APPENDIX B 
THE COMPONET\PTS OF THE STAGNATION-POINT EQUATIONS EXPANDED I N  
POWERS OF (hwo - 1) 
\ 
W e  obtained solutions t o  t h e  stagnation-point equations (4.3) and 
(4 .4 ) ,  with boundary conditions given by (4.5),  by expanding t h e  
dimensionless enthalpy, G ,  and t h e  dimensionless stream function, F, 
i n  powers of t h e  parameter (hwo - 1). The expanded boundary condi- 
t ions  a r e  given by equation (4.8) and t h e  f i n a l  forms of our s e r i e s  
solutions a r e  i n  equations (5.3)  and (5 .4 ) .  
The zero-order equations a re  (4.11) and (4.12) with boundary 
% 
conditions (4.8a) and t h e  l e f t  s ide  of (4.8d).  The higher-order equa- 
t ions  a r e  a l l  of t h e  form given by (4.13) and (4.14) .  These equations 
w i l l  be  l i s t e d  i n  t h i s  appendix. The equations, as wr i t ten  below, a re  
-complete through t h e  t h i r d  order. Some terms obtained from t h e  equa- 
t ions  below were dropped as negl igible  from the  f i n a l  s e r i e s  forms (5.3) 
and (5.4) (see a l s o  f i g .  1). The nomenclature f o r  terms dropped or 
approximated i s  explained i n  chapter 4, sect ion E (e.g. ,  aF;1). 
t h e  t h i r d  order, only t h e  s ign i f icant  (non-negligible) terms have been 
retained on t h e  r igh t  s ides  of t he  equations. Where a parenthesis on a 
r igh t  s ide  contains no spec i f ic  terms, t h e  function corresponding t o  tha t  
parenthesis has been approximated or dropped. Approximations have been 
used f o r  terms connected with the  Praridtl number parameter, 6 1  (see * 
ch. 5, sec t .  B)  . 
Above 
For a l l  orders higher than the  f i r s t ,  t he  per t inent  boundary 
conditions are  homogeneous (4.8) . 
t ions  apply t o  a l l  components of the various orders, iF j ,  i G j ,  and w i l l  
not be l i s t e d  below. 
These homogeneous boundary condi- 
A. FIRST ORDER, (hwo - 1)' 
\ 
Energy equation : 
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Momentum equation : 
F1"' + [Fo]F1" - [Fo'IF~' + [Fo"IFi 
C .  THIRD ORDER, (hwo - l)3 
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D. FOURTH ORDER, (hwo - q4 
Starting with the fourth order, only significant terms are being 
retained on the right-hand sides, so the equations will be shorter (see 
fig. 1). Also the gas-property polynomials are terminated at the third 
degree, so terms with higher than third-order gas-property parameters 
will not appear. 
Energy equation : 
E. FIFTH ORDER, (hwo - 1)' 
F. SIXTH ORDER, (hwo - 1)6 
G. SEXENTH ORDER, (hwo - 1)7 
/ 
H. EIGHTH ORDER, (hwo - 1)8 
Energy equation: 
An eighth-order momentum equation w a s  not used as the  se r i e s  expansion 
for 
seventh-order term, aF7, was moved t o  the s i x t h  order and approximated). 
F, equation (5.4), w a s  terminated with the  s i x t h  order (and the  
13 3 
AI?€"DIX C 
ASYMPTOTIC SOLUTION O F  THE H O W  EQUATION 
The equations t h a t  we have solved numerically ((4.12), (4 . l3) ,  
and (4.14) ) a l l  have a boundary condition at  i n f i n i t y  (4.8d,e). I n  
solving these equations on a computing machine it i s  necessary t o  
replace i n f i n i t y  by some la rge  number and t o  s e t  t h e  outer boundary 
condition at t h i s  value of t h e  Independent variable,  q .  The most c r i t -  
i c a l  of t h e  equations i s  t h e  zero-order momentum (Homann) equa- 
t i o n  (4.12), s ince i t s  solut ion furnishes  coef f ic ien ts  which appear on 
t h e  le f t  sides of a11 t h e  higher-order equations. The value of q at 
which one sets t h e  outer boundavy condition w i l l  depend on t h e  accuracy 
of t h e  solut ion desired.  I n  t h i s  appendix we w i l l  form an asymptotic 
solut ion t o  t h e  Homann equation f o r  l a rge  
of t h e  value of q 
7 i n  order t o  gain an idea 
at which we can assign t h e  outer boundary condition. 
A. ASYMPTOTIC SOLUTION 
To form t h e  asymptotic solut ion t o  t h e  Homann equation (4.12) with 
i t s  boundary conditions (4.8a and the  l e f t  s ide  of 4.8d), we w i l l  l e t :  
where fa  i s  as defined i n  equation ( C l a ) .  This i s  a log ica l  
formulation, as we know, f rom t h e  boundary conditions t h a t  
be a f i n i t e  number and t h e  derivatives,  f a l ( c o ) ,  f,"(co), and f,"'(co) 
w i l l  a l l  vanish asymptotically . 
fa (co)  w i l l  
W e  subs t i t u t e  ( C l )  i n t o  (4.12) and use (4.8a and the  l e f t  s ide  of 
4.8~1) and obtain: 
fa"' + q(l - ?)fall - fa '  + - 1 (fa!>'= 0 
2 
13 4 
with t h e  boundary conditions : 
f a ( O )  = o f a ' ( O )  = 1 fa ' (a)  = o ( C 3 )  
For large -q values we see t h a t  t h e  nonlinear terms i n  equation (C2) 
w i l l  become very small. We neglect these terms and obtain t h e  l inear  
equat ion : 
where fa, i s  defined as t h e  solut ion t o  equation ( C 4 ) .  The boundary 
conditions a r e  s t i l l  given by ( C 3 ) .  
Equation ( C 4 )  i s  ac tua l ly  a second-order equation s ince there  i s  
no fa, term. It has t h e  solution: 
where we define: 
e r f ( t )  = - dt  1 
s o  t h a t :  
Then, using equation ( C l a ) ,  we have f o r  t h e  asymptotic solution 
t o  equation (4.12):  
... 
The function given by equation ( ~ 6 )  s a t i s f i e s  t h e  or ig ina l  boundary 
conditions (4.8a and the  l e f t  s ide  of 4.8d), but it w i l l  not s a t i s f y  
t h e  Homann equation (4.12) f o r  small -q values. 
B. SELECTION OF MAXIMUM VALUE OF INDEPENDENT VARIABLE 
For l a rge  q values we can write: 
(Fo'),, = 1 - e r r o r  = 1 - fa& 
Then from (C6b) or ( C 5 )  
For large arguments we can use an asymptotic formula fo r  
(ref.  18, p. 120): 
e r f ( t )  
-t2 r 
Then we have: 
Subst i tut ing ( C 1 0 )  i n t o  (C8) we have: 
The IBM 7090 computing machine w i l l  deliver eight s ignif icant  
f igures  (without using double precision methods). Using equation (C11) 
we f ind  tha t  t h e  smallest integer value of 11 t ha t  produces a value of 
error  < i s  -q = 6. So we should expect t o  carry OUT' solutions of 
equations out a t  least t o  -q = 6. 
know ( t ab le  I )  t h a t  f o r  la rge  7 ,  t he  value of fa becomes approxi- 
mately 0.8. 
Referring t o  equation (Cla),  we 
Then i n  equation ( C 2 )  t h e  term neglected i n  t h e  coeff ic ient  
of t h e  second t e r m ,  fa/q, would have the  approximate value, 0.8/6 2 0.13. 
This i s  not r e a l l y  negl igible  compared t o  unity. If we extend t h e  max-  
imum value of il t o  7 = 10, t h e  neglected term, fa /q ,  has t h e  value 
0.8/10 iJ 0.08. 
unity. 
This i s  s m a l l  but s t i l l  not negl igible  compared t o  
I n  s p i t e  of  t h i s  indication, f o r  our m a x i m  q ,  we w i l l  t r y  the 
value q = 10. 
t o  be a sa t i s f ac to ry  value. The important f ac to r  i s  t o  observe t h a t  a l l  
the  universal  functions a t t a i n  values very close t o  t h e i r  asymptotes f o r  
q < 10. 
This se lec t ion  i s  somewhat a rb i t ra ry ,  but  it turns  out 
This condition i s  seen t o  be s a t i s f i e d  i n  t ab le  I. 
APPENDIX D 
EFFEL'T OF VARIATION OF POLYNOMIALS APPROXIMATING THE GAS PROPERTIES 
I n  chapter 5, sect ion E, it i s  noted t h a t  t he re  a r e  severa l  ways 
of f i t t i n g  polynomials t o  t h e  gas propert ies ,  m, g, and 6, and t h e  use 
of d i f fe ren t  methods can r e s u l t  i n  d i f fe ren t  combinations of coef f i -  
c i en t s  i n  t h e  polynomials. We want t o  determine t h e  e f f ec t s  on f i n a l  
answers of t h e  use of d i f fe ren t  polynomial representat ions.  T O  do t h i s  
we w i l l  form polynomials with d i f f e ren t  shapes and check t h e  e f fec t  of 
shape on our calculated r e s u l t s .  
I n  t a b l e  D-lare tabulated a number of cases with d i f fe ren t  values 
of t h e  parameters, m i ,  g i ,  and 6 i .  
give a wide va r i a t ion  i n  t h e  
family has a common value at G = 0.  Cases with hwo = 0 w i l l  show 
t h e  e f f ec t s  of varying t h e  shapes of t h e  gas-property curves repre-  
sented by t h e  polynomials. For each family of polynomials t h e  extreme 
spread of t h e  curves i s  shown p lo t ted  i n  f igu re  D-1.  The polynomials 
not p lo t t ed  f a l l  between these  extremes. 
These parameters were se lec ted  t o  
m ( G ) ,  g(G), and 6(G) functions,  but each 
The cases tabulated i n  t a b l e  D - 1  are not intended t o  represent any 
These hypothetical  cases a r e  f o r  t h e  r e a l  gas ( t h i s  i s  done i n  ch. 7 ) .  
purpose of demonstrating the  effect  on our calculated r e s u l t s  of a 
var ia t ion  i n  the  gas-property parameters, and t o  gain an idea of t he  
requirements f o r  accuracy of representat ion of gas propert ies  by poly- 
nomials. 
The values of G'(0) and F"(0) shown i n  t a b l e  D - 1  were calculated 
by our method of s e r i e s  expansions. It i s  seen t h a t  t h e  var ia t ion  i n  
w a l l  values of G'(0) and F"(0) i s  l e s s  than one might expect. The 
ml, gl, and 61 cases have been used as references t o  t abu la t e  t h e  
percentage changes i n  G'(0) and F"(0) f o r  hwo = 0. The percentage 
changes i n  G'(0) and F"(0) for  t h e  cases with hwo = 0 . 2  and 0.5 have 
not been tabulated but they a r e  c loser  together than t h e  hwo = 0 cases. 
The differences i n  G'(0) and F"(0) f o r  t h e  cases with hwo = 0 .2  and 
TABLE D - 1 . -  EFFECT OF VARIATION OF GAS-PROPERTY POLYNOMIALS 
(a) mi cases 
- 
Case 
ml = -0.75 
~- 























.4160 - 3495 
' 2305 
. -  . .  
F"(0) 
. .  
0 9277 
Percent change 
in G'(O),  









in F " ( O ) ,  








TABLE D - 1 . -  EFFECT'OF VARIATION OF GAS-PROPEBTY POLYNOMIALS - Continued 















































i n  G ' ( O ) ,  
f r o m  gl case 
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in  F"(O), 
from gl case 
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TABU D - 1 . -  EFFECT OF VARIATION OF GAS-PROPERTY POLYNOMIALS - Concluded 
Percent change 
i n  G ' ( O ) ,  
from 8, case 
( c )  6i cases 
Percent change 
i n  F"(O), 














































_ _ -  
I 
1 - =  - 
- _ _ _  I 
NOTE: crv0 = cfo = 0.75; parameters not l i s t e d  a re  zero f o r  a 
par t icu lar  case. 
d 
141 
\ /--g,=-I.O ; g 2 = g , = o  




60 (c) Eq. (5.7c) 
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Figure D - 1 . -  Variation of gas-property polynomials. 
0.5 are due not only to differences in the shapes of the gas-property 
curves, but also to the different values of the gas properties at the 
wall. 
The effect of varying the gas-property polynomials is to change the 
coefficients of the universal functions in equations (5.3) and (5.4). 
The coefficient of one universal function will be increased at the 
expense of another, but these universal functions have approximately the 
same shape and they have the same outer boundary conditions (fig. 2). 
The greatest effect of a variation in gas-property polynomials is on the 
wall derivatives as tabulated in table D-1.  With this type of varia- 
tion, if the wall derivatives are close in value, the functions G ( 7 )  
and Ff ( q )  have almost the same values through the boundary layer. 
It is easy to make the calculations to show the effects on G f ( 0 )  
and F"(0) of a variation of the gas-property parameters. 
inserts different values of the parameters in equations (5.5) and (5.6). 
Combinations of the parameters can be adjusted in such a way as to main- 
tain the wall values of the gas properties unchanged (table D - 1  with 
hwo = 0), or the parameters can be adjusted to change the shapes of the 
gas-property curves and the wall values as well (table D - 1  with 
hwo = 0.2 and 0.5). This latter type of variation is of interest as it 
may be desired to use one writing of the gas-property polynomtals for a 
number of cases with different hwo values, and there may be values of 
hwo at which the fit of the polynomials to the actual gas properties is 
less than ideal. The cases in table D - 1  with hwo = 0.2 and 0.5 show 
only a small variation in Gf (0) and F"(0) .  For these cases the 
extremes of the spread of gas properties at the wall are seen in fig- 
ure D-1 (at 
One simply 
G = 0.2 and 0.5). 
-We can conclude that our calculated results are not overly 
sensitive to the selection of the gas-property polynomials used. Equa- 
tions (5.3) through (5.6) have large terms which do not depend on the 
gas properties. Also the sensitivity to the polynomials selected 
decreases to zero as hwo approaches unity. 
The spreads of the variations in the shapes of the gas-property 
curves shown in figure D-lare quite extreme. A reasonable attempt to 
match gas properties with polynomials should fall well within this 
spread. The matching can be made very close for flight in the earth's 
atmosphere at free-stream Mach numbers up to about 5. 
becomes progressively more difficult with increasing Mach numbers. 
Some examples of this are shown in chapter 7. While it is apparently 
not crucial, it seem desirable to correctly match the wall values of 




SUMMARY O F  WORKING F O R U S  VALID I N  THE V I C I N I T Y  
O F  THE STAGNATION POINT 
The stagnation-region working formulas a re  l i s t e d  i n  tab le  E-1. 
Most of the  formulas have been machine programmed as indicated by 
a s t e r i s k  symbols i n  the tab le .  Parameter limits used f o r  the  se r i e s  
truncations are shown. Parameter values selected f o r  use should 
generally be kept within these l i m i t s .  
i s ,  obviously, not physical ly  real izable .  
The l i m i t ,  hwo equal t o  zero, 
TABLE E -1. - STAGNATION -REGION WORKING FORMULAS 
Quantity 
be determined 










6.4, 6.5, or  6.6 
6.8* 
6.12* 
6.12* (6, = I) 
6.15" 
6.16~ 
6.16* (6, = 1) 
6.14* 
6.17 or 6.18~ 
6.18 and 6.19" 
6.18 and 6.19" (?jl = 1) 
6.23* 
6.25* 
6.25" (6, = 1) 
TABLE E-1. - STAGNATION-REGION WORKING FORMULAS - Concluded. 
Cfw 6.42* 
QW 6.56* 
N % / & G  6 . 5 7 ~ ~  
Stw &G 6 . 5 8 ~  
*Formulas a r e  machine programmed 
~~. - -  - .  - . - .~~~ - _ _  
Basic formulas 
G = ho = Ho/Hst  
Gas- property polynomials 
3 ”/‘ 1 + ml(G - 1) + (G - ,1)2 + m3 (G - 1) 6 
(5.7a 
o,,=m ( G )  = 
PCL 
g(G) = - = 1 + g l  (G - 1) + (G - 1)2 + @ (G - q3 PV)so 2 6 
(5.7b 
__ - .- 
Parameter l imi t s  used for se r i e s  truncations _ _ _  - 
0 _< hwo <_ 1 0 I g2(hwo - 1)2 5 2.0 
0 5 ml(hwo - 1) 2 1.0 -0.4 2 6 2 ( h ~ 0  - 1)2 5 0 
0 <_ gl(hWO - 1) 2 1 .5  0 I-(hwo - 1)3 5 4.5 
0 2 g3(hwo - 1)3 2 6.0 -1.0 Gl(hW0 - 1) 2 0 
0 5 mZ(hwo - 1)2 <_ 1 . 5  -1.2 5 63fhWO - q3 5 o 
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TABLE I.- AXISYMMETRIC STAGNATION-POINT UNIVERSAL FUNCTIONS 
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00 = 0.75 - Continued 
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TABLE I.- AXISYMMETRIC STAGNATION-POINT UNIVERSAL FUNCTIONS 
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AXISYMMETRIC STAGNATION-POINT UNIVERSAL FUNCTIONS 
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TABLE I.- AXISYMMETRIC STAGNATION-POINT UNIVERSAL FUJ!JCTIONS 
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NASA-Langley, 1964 A-801 
I 
“The aeronautical and space activities of the United States shall be 
conducted 50 as to contribute . . . to the expansion of human knowl- 
edge of phenomena in the atmosphere and space. The Administration 
shall provide for the widest practicable and appropriate dissemination 
of information concerning its activities and the results thereof .” 
-NATIONAL A E R O N A U n C S  AND SPACE ACT OF 1958 
NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS 
TECHNICAL REPORTS: 
important, complete, and a lasting contribution to existing knowledge. 
TECHNICAL NOTES: 
of importance as a contribution to existing knowledge. 
TECHNICAL MEMORANDUMS: Information receiving limited distri- 
bution because of preliminary data, security classification, or other reasons. 
CONTRACTOR REPORTS: Technical information generated in con- 
nection with a NASA contract or grant and released under NASA auspices. 
TECHNICAL TRANSLATIONS: Information published in a foreign 
language considered to merit NASA distribution in English. 
TECHNICAL REPRINTS: Information derived from NASA activities 
and initially published in the form of journal articles. 
SPECIAL PUBLICATIONS Information derived from or of value to 
NASA activities but not necessarily reporting the results .of individual 
NASA-programmed scientific efforts. Publications include conference 
proceedings, monographs, data compilations, handbooks, sourcebooks, 
and special bibliographies. 
Scientific and technical information considered 
Information less broad in scope but nevertheless 
Details on the availability of these publications may be obtained from: 
SCIENTIFIC AND TECHNICAL INFORMATION DIVISION 
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 
Washington, D.C. PO546 
